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1. Let Y be a topological space and f: X — Y be any map. Show that the set
{f'(V): Vopenin Y}
defines a topology on X.
2. Let (X, d) be a metric space, (x,), a sequence from X and x € X not equal to

any of the x,. Assume that inf{d(x,, x) : n € N} = 0 and that (x,), is Cauchy. Show
that lim x,, = x.

3. Let (X, d) be a metric space. Let A < X be a subset of X. Show that A is closed
iff any sequence of A that has a limit in X has a limit in A.

4. Let (X, d) be a metric space. Let 3 be a set of a disjoint closed subsets of X.
For A, B € 3, define d'(A, B) = inf{d(a, b) :a € A, b € B}.

4a. Show that d’(A, B) = 0 does not necessarily imply A = B.

4b. Show that the triangular inequality may also not hold.

5. Let (Y, d) be a metric space. Let f: X — Y be a one-to-one map. For x, x; € X,
define df(x1, x2) = d(f(x1), fix2)).

Sa. Show that dyis a metric on X.

5b. Show that fora € X and r € R, Bx(a, r) = f ' (By(f(a), 1).

Sc. Letf: R — R be defined by fix) =xif x#0, 1 and fix) =1 —xif x=0, 1. For
x, y define d(x, y) = | fix) — fy) | . Find B(0, 1/2), B(1, 3), B(0, 1).

5d. Leta € R™. Let f: R — R be defined by f(x) = ax. For x, y define d(x, y) =
| fx) — fi | Find B(0, 1/2), B(1, 1), B(0, 1).

S5e. Leta € R. Let fix) = xif x > a and fix) = x — 1 if x < a. For x, y define d(x, y)
= |f(x) - fy) |. Find B(a, 1/2), B(a, 1), Bla + 1, 1/2), Bla + 1, 1), B(a + 1, 2), B(a —
1,1/2),B(a—1,1),Ba—-1,2).

6. Let X be a topological space. Let A < X be a subset. A set % of subsets of X is
said to cover A if A c U . If the elements of g are also open subsets of X then we
say that ¢ is an open covering of A. The subset A is called compact if every open
covering of A has a finite subset that covers A. The topological space X is called
compact if X is a compact subset of X.

6a. Show that a finite subset of X is always open.

6b. Show that the union of finitely many compact subsets of X is compact.

6¢c. Assume X is a metric space. Let (x,), be a sequence of X that converges to

some x € X. Show that {x, : n € N} U {x} is a compact subset of X.

6d. Show that the one-point compactification of any topological space is compact
(see HW #06).

6e. Suppose A is a compact subset of X. Show that any closed subset (closed in
the topology of X) of A is compact.

6f. Assume X is a metric space. Show that a compact subset A of X is bounded,
i.e. the set {d(x, y) : x, y € A} is bounded.

6g. Assume X is a metric space. Show that a compact subset A of X is closed.
Hint: Otherwise there is an x¢ A such that every open subset that contains x intersects
A. For a € A, choose open sets U, and V, such that ae U,,x€ V,and U, "V, = .



