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1. Find vector spaces U and V and a one-to-one linear map ϕ : U → V which is not onto. 

2. Find vector spaces U and V and a surjective linear map ϕ : U → V which is not one-to-

one. 

3. Let V be a vector space. Let U and W be subspaces of V. Show that (U + W)/W ≈ 

U/(U∩W). 

4. Let V = �3
. 4a. Show that the vectors v1 = (1, 1, 0), v2 = (1, 2, −1), v3 = (0, −1, 2) are 

linearly independent. 4b. For any v ∈ V, find a(v), b(v), c(v) ∈ � such that v = a(v)v1 + 

b(v)v2 + c(v)v3. 4c. Let ϕ : V → V be defined by ϕ(x, y, z) = (x − y, y + 2z, x + y). Write 

the matrix of ϕ with respect to the bases v1, v2, v3. 

5. Let V be a vector space of dimension n over a field F. Let W ≤ V. 5a. Show that {ϕ ∈ 

EndK(V) : ϕ(W) ≤ W} is a subalgebra, say PW of EndK(V). 5b. Find a relationship 

between dim PW, dim W and dim V. 

6. Let V be a vector space over a field K. Let V
*
 be the vector space of linear maps from 

V into K. Let (vi)i∈I be a basis of V. 

6a. For i ∈ I show that there is a unique vi* ∈ V
*
 such that vi*(vj) = δi,jvj for all j ∈ I. 

Show that (vi*)i∈I is a linearly independet family of elements of V*. 

6b. Show that if V is finite dimensional then so is V* and that dim V = dim V*. 

6c. Show that the set (vi*)i∈I of 4a is not a basis of V* if dim V* = ∞. 

6d. For A ⊆ I define vA*(vi) = δA(i)vi where δJ is the characteristic function of J, i.e. 

δA(i) is equal to 1 or 0 depending on whether i ∈ A or not. Assume I is infinite. Let ℘ 

be a set of infinite subsets of I such that for any two distinct A, B ∈ ℘, A ∩ B is finite. 

Show that (vA*)A∈℘ is a linearly independent set of vectors. 

6e. Show that � has uncountably many (in fact � many) subsets such that the 

intersection of any two distinct ones is finite. 

6f. Deduce from 4d and 4e that if dim V = ∞ then dim V
* ≥ �. 

7. Let T be a set. Let �∞
(T) = {f : T → � : f is bounded}. Show that �∞

(T) is a vector 

space. For f ∈ �∞
(T), define �f� = sup {f(t) : t ∈ T}. Show that for all f, g ∈ �∞

(T), 

and λ ∈ �, we have,  

7a. �f� ≥ 0 for all f.  

7b. �f� = 0 iff f = 0.  

7c. �λf� = λ�f�. 

7d. �f + g� ≤ �f � + �g�. 

A vector space V over � together with a map � � : V → � that satisfies 4a, 4b, 4c, 4d 

is called a normed vector space. Thus �∞
(T) is a normed vector space together with the 

map � � defined above. 

8. Let (V, � �) be a normed vector space. For v, w ∈ V define d(v, w) = �v − w�. Show 

that (V, d) is a metric space. 

9. Show that the normed vector space �∞
(T) defined in #4 is complete with respect to the 

norm defined in #5. 

 


