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A set X together with a function d : X x X — R* satisfying
Dl.Forallx,ye X, d(x,y)=0iff x=y.
D2. Forall x,y € X, d(x, y) =d(y, x).
D3. Forall x,y, z € X, d(x, y) <d(x, z) + d(z, y). (Triangular Inequality)
is called a metric space. The function d is then called a metric on X.
Let (X, d) be a metric space. For a € X and r € R, we define,
B(a,r)={xe X:d(a, x)=0}.
B(a, r) is called the open ball of center a and radius r.
A subset U of a metric space (X, d) is called open if it is a union of arbitrarily many open
balls (of various centers and various radii).

1. Let X = R"and d; : X x X — R* be given bf,
(X1 s X0)s Oty s YD) = 121 = 21 | 4t Lot =y

1a. Show that (X, d,) is a metric space.

Answer: We have to check D1, D2 and D3.

D1. Let x = (xy, ..., x,) and y = (y1, ..., yn) be any two elements of X. By definition of dj,
di(x, y) = 0 iff |x1 — y1| + ...+ [x, — y,| = 0. But each of the summands |x,~ — y,~| is
nonnegative. Therefore the sum |[x; —y; | + ... + |x, — y» | is zero iff each summand |xi -y
is zero, i.e. iff x, = y; foralli =1, ..., n, i.e. iff x = y.

D2. Let x = (xy, ..., x,) and y = (1, ..., y») be any two elements of X. Then

di(x,y) =di((x1, ... X0), V1, oo0r Vi)
= |xi—yil +..+ [ X0— W
= |y1 _xll +...+ |yn_-xn|
= dl((yl’ ooy yn)’ (-xl, cees xn))
= dl(y, x).

D3. We will use the inequality |a —b| < |a—c| + [c=b] foralla, b, c € R.

Let x = (x1, ..., X0), y = V1, -, Yn) and z = (24, ..., 2,) be any three elements of X. We
compute:

di(x,y) = |x1 —y1| + ..+ |xn—yn|
=|Q&—a)+&1—wﬂ-hn+|Q¢—a)+&n—hﬂ
S(|-)CI_ZI| + |Z1_ 1|)+---+(|xn_Zn| + |Zn_yn|)
=(lxi—zl+ .+ lx—zD)+Uza =yl +..+ Zn_yn|)
=di(x, 2) + di(z, y).

Thus d; is a metric.

1b. Take n = 2. Given a = (ai, ay), find geometrically B(a, r). Draw it.
Answer: B(a, r) = {x=(x1, x2) € R?: di(x,a)<r}={(x1,x)e R?: |x1 —a; | + |xz — a2|
< r}. Geometrically, this is the interior of a diamond of center (a;, a;) as drawn below:



A X2

X1

V.

Thus the ball in this metric space is not the “usual” ball.

2.Let X=R"and d : X x X - R* be given by
(X1, coor X0y (15 womr Y)) = Ay = 3))7 o H (5, = 3,)°

2a. Show that (X, d,) is a metric space.

Answer: We have to check D1, D2 and D3.

D1. Let x = (xy, ..., x,) and y = (y1, ..., y») be any two elements of X. By definition of 5,
do(x, y) = 0 iff \J(x, = ) +..+(x, —y,)> =0, i.e. iff (1 = y1)> + .. + (ta — y)* = 0. But
each of the summands (x; — y,')2 is nonnegative. Therefore the sum (x; — y1)2 + ..+ (x, — y,,)2 18
zero iff each summand (x; — y,-)2 is zero, i.e. iff x; = y; foralli =1, ..., n, i.e. iff x = y.

D2. Let x = (xy, ..., x,) and y = (1, ..., y») be any two elements of X. Then
dZ(x’ y) = d2((X1, ceesy xn)’ (yl’ seey Yn))

= \/(xl —yl)2 +..+(x, —yn)2

= \/(yl —x) 4.+ (y, —x,)’

= dz(()’l, ceey yn)’ (—xla ceey xn))
= dz(y, x).
D3. Let x = (x1, ..., Xx»), y = V1, ..., yu) and z = (24, ..., Z,) be any three elements of X. We
have to show that dy(x, y) < da(x, 2) + da(z, y), i.e. that
V0L =3 et (5, = 3,02 S A0 = 2)F ek (5, =207 + (7 = 97 b (2, = 3,)
Note that when n = 1, this is just the above question, in other words d; = d, when n = 1.
When n = 2, this is the well known triangular inequality for the Euclidean plane.

Setting a; = x; — z; and b; = z; — y;, the above inequality that we want to show is equivalent
to the following one:

\/(al +b) +..+(a, +b,)* < \/af +otal + \/bf +..+b] .

Since both sides are positive, squaring them, we see that we have to show the inequality

(@ +D)? + oo+ (@b <@’ + ..+ a) +2:Jal +..+a> b +..+b> +b + .. +b,

Computing the squares on the left hand side and then simplifying, we get the following
equivalent inequality:

ab; + ...+ a,b, < \/al2 +...+af \/bl2 +...+bf



Note that we may assume that all the @; and b; are positive, in other words if the inequality
holds for positive numbers, then it also holds for negative numbers, thus it is enough to show
this inequality for positive real numbers. Therefore, squaring both sides we get the following

equivalent inequality:
212
Zaibiajbj < Zai b;
i,j L]

Simplifying the terms of the form aizb,-’z, we get the following equivalent inequality:
Yabab; < alb; .
Taking the left hand side to the right, w:;get the next fl;l]uivalent inequality:
Dalb; —2) ab,ab 20.
The left hand side is nothing else th;n the sum Jof the squares (a;b; — ajbi)2 for i # j, which is
therefore positive. This proves the triangular inequality.

2b. Take n = 2. Given a = (ay, a,), find geometrically B(a, r). Draw it.
This is the standard open ball, the inside of the standard circle of center a and radius r.

A X2

X1

V.

3.Let X = R"and d; : X x X - R* be given by
d5(xX1, oo %), (1, - ) = max( |1 =y,

-xn_ynl)

9 eee o

3a. Show that (X, ds) is a metric space.

Answer: We have to check D1, D2 and D3.

D1. Let x = (xy, ..., x,) and y = (y1, ..., y») be any two elements of X. By definition of d;,
di(x, y) = 0 iff max(|x1 - yily e, |x,, — yn|) = 0. But each of the terms |x,- - y,-| is
nonnegative. Therefore sup(|x; — yi 1, ... , 1x, — yn 1) is zero iff each term |xi — y;| is zero,
ie. iffx;=y;foralli=1, ..., n,ie. iff x=y.

D2. Let x = (xy, ..., x,) and y = (yy, ..., y») be any two elements of X. Then

d3(X, y) = d3((X1, ceey xn)’ (yl’ ooy yn))

=max(|x;—yi |, ..., xn—yn|)
=max(ly —xi |, ..., [y =x])
= d3((y1’ ooy yn)’ (xl’ ceey xn))

= ds(y, x).

D3. We will use the inequality la-b| <la=c| + |c-b| forall a, b, c € R.
Let x = (x1, ..., X0), ¥y = V1, «.., Yu) and z = (24, ..., Z») be any three elements of X. We
compute:

ds(x,y) =max(|x -y X =Y |)
=max(| (1 —2) + @ =y | o | G=2) + @u—=y) )
Smax(|x1—zl +1Zt=Yil, e | Xn—Zn|l + | Zn—Yn )

9 see o



Smax(|x1—zl y eee s xn—zn|)+max(|zl—y1 Zn_yn|)
=ds(x, 2) + di(z, y).

Thus d5 is a metric.

9 sse

3b. Take n = 2. Given a = (ai, a»), find geometrically B(a, r). Draw it.
Answer: B(a, r) = {x = (x1, x) € R*: ds(x, a) < r}

)<r}

={(x1,x) € R? : |x1 —a1| < rand |x2—a2| <r}.

Geometrically, this is the interior of the square of center (a;, a,) and of sides of length 2r as
drawn below:

s 1 X2 — A2

= {(x1, x2) € R?: max(|x, —a

A
X2
|;>
Thus the ball in this metric space is not the “usual” ball.
4. On a set X define
0 ifx=y
d(x,y)=4 .
1 ifx#y

4a. Show that (X, d) is a metric space.

Answer: We have to check D1, D2 and D3.

D1. Let x and y be any two elements of X. By definition of d, d(x, y) = 0 iff x = y
(otherwise the distance is 1).

D2. Let x and y be any two elements of X. Then d(x, y) = d(y, x) by definition of d.

D3. We will show d(x, y) <d(x, z) + d(z, y) for all x, y and z. This is clear if any two of x, y,
z are equal to each other. Assume they are all different. Then d(x, y)=1<2=1+1=d(x, 2) +
d(z, y).

4b. What are the open subsets of X?

If x € X, then B(x, 1/2) = {x}. Thus singleton sets are open balls. It follows that every
subset of X is open.

Sc. Show that a subset U of a metric space (X, d) is open iff for any a € U, there is an € >0
(that may depend on a) such that B(a, €) c U.

(=) Let U be an open subset of the metric space X. Let a € U. Since U is a union of open
balls, a is in an open ball B(b, r) which is a subset of U. Let € = r — d(a, b). Since a € B(b, r),
d(a, b) < r, so that € > 0. We claim that B(a, €) < B(b, r). The latter ball being in U, this will
prove our asserion. Let x € B(a, €). Thus d(x, a) < €. Now d(b, x) = d(x, b) < d(x, a) + d(a, b)
<&+d(a,b)=r.Hence d(b, x) < rand x € B(b, r).

(¢<) For each a € U choose an ¢, > 0, such that B(a, €,) c U. Since a € B(a, €,), the union
of these balls (a varying in U) is U.



6. Show that the metric spaces ([RZ, d), ([RZ, d>) and ([RZ, d3), as defined above, have the
same open subsets. (Hint: Use #5).

It is clear from the picctures drawn in Questions #1, 2 and 3 that if B is a ball with respect
to one of the three metrics and if a € B, then there are balls with respect to the other metrics
that are centered at a that are contained in B. Hence, by the previous question, B is open with
respect to the other two metrics. It follows that every open subset with respect to this metric is
an open subset with respect to the other metrics.

7a. Show that union of arbitrarily many open subsets of a metric space is open.

Clear.

7b. Show that the intersection of two open balls of a metric space is open.

Let B(a, r) and B(b, s) be two open balls. Let ¢ € B(a, r) N B(b, s). We will show that for
some € > 0, B(c, €) < B(a, r) N B(b, s). This will prove our assertion by Question #5. Let € =
min(r — d(a, ¢), s — d(b, c¢)). Exactly as in the first part of Question 5, B(c, €) < B(a, r) N B(b,
s).

7c¢. Show that the intersection of two open subsets of a metric space is open.

Let U and V be two open subsets. Let U be the union of open balls (B;),c; and V be the
union of open balls (C))je;. Then U N V is the union of (B; " C)); ;. But each B; N C;is open by
7b. Thus U m V' is open.

8. Let (X, d) be a metric space. Let (x,), be a sequence in X. We say that (x,), is a Cauchy
sequence if for all € > 0 there is a natural number N such that d(x,, x,,) < € for all n, m > N.
Let x € X. We say that x is a limit of the sequence (x,), if for all € > 0O there is an N such that
for all n > N, d(x,, x) < €; we then say that the sequence (x,), is convergent.

8a. Show that the limit of a convergent sequence is unique.

Let (x,), be a convergent seqence. Assume it converges to a and b. We will show that a =
b.

First Proof: Assume not. Then d(a, b) > 0. Let 0 < € < d(a, b) be fixed. Let N, be such that
if n > N; then d(x,, a) < €/2. Let N, be such that if n > N, then d(x,, b) < €/2. Now let n >
max(Nj, N;). Then d(a, b) < d(a, x,) + d(x,, b) < €/2 + €/2 = €, contradicting the choice of €.

Second Proof: Let € > 0. Let N; be such that if n > N; then d(x,, a) < €/2. Let N, be such
that if n > N, then d(x,,, b) < €/2. Now let n > max(N;, N,). Then d(a, b) < d(a, x,) + d(x,, b) <
€/2 + €/2 = €. Since this is true for all € > 0, we get d(a, b) = 0.

8b. Show that every convergent sequence is Cauchy.

Let (x,), be a seqence converging to a. Let € > 0. Let N be such that if n > N then d(x,, a) <
€/2. Now for n, m > N, d(x,, x,,) < d(x,, @) + d(a, x,,) < €/2 + €/2 = €. Hence (x,,), is a Cauchy
sequence.

8c. Show that a constant sequence is convergent.

Let (x,), be a constant seqence. Thus x, = a for all n. We claim that a is the limit of the
sequence (x,),. Let € > 0. Let N = 1. For any n > N, d(x,, a) = d(a, a) = 0 < €. This proves that
a is the limit of the constant sequence.

8d. Suppose X is finite. Show that every Cauchy sequence in X is convergent.

Let (x,), be a Cauchy seqence. Let € = min{d(x, y) : x, y € X and x # y}. Let N be such that
for all n, m > N, d(x,, x,n) < €. Thus x, = x,, for all n, m > N. Let a be this value. Thus x, = a for
all n > N. One can show as in Question 8c that a is the limit of this sequence.



