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Always justify your answer. A short answer of the form “yes” or “no” will
not be accepted.

1. A subset A of an ordered set (X, <) is called dense in X, if for all x < y in
X, there is an a € A such that x<a < y. Let A = {¢* : ¢ € Q}. Order A naturally
(the induced order of Q). Is A dense in Q? (5 pts.)

2. Let X and Y be two sets and f: X — Y be a function. Let A; € X and B,

Y.
2a. Show that f(( JA) =] f(A). @pts)
iel iel
2b. Show that f([)A;) < [)f(A). 2 pts.)
iel iel
2¢. Show that £ ' ((")B,)) =[] f"(B,). (4 pts.)

2d. Show that f~'(( JB) =] f'(B,). 4 pts.)
jeJ jeJ
2e. Does the reverse inclusion in #2b hold? Prove or give a counterexample.
(4 pts.)

3. Find a map £ R — R such that ﬂfi(R);t @ but ﬂfi(R) =. (8 pts.)
i=1

ieN

4. Let X be a nonempty subset of R such that forx,ye X,x—y e X.
4a. Show that 0 € X. (1 pt.)
4b. Show that for x € X, —x € X also. (1 pts.)
4c. Show that x + y € X forx, y € X. (2 pts.)
From now on assume further that for x € X, ** e X also.
4d. Show that for x, y € X, 2xy € X also. (3 pts.)
4e. Show that 2X is closed under +, — and X. (4 pts.)
4f. Show that the relation
x=yiffx—ye 2X
defines an equivalence relation on X. (4 pts.)

5. We will call a subset X of R square-closed if for all x € X, x* e X also.
Note that & and R are square closed subsets of R.
5a. Show that if IT is a set of square-closed subsets of R, then UIT and NIT

are square closed subsets of R. (4 pts.)



5b. Let A be any subset of R. Show that there is a smallest square-closed
subset A that contains A. (4 pts.)

Sc. Let A be any subset of R. Show that there is a largest square-closed
subset A of A. (4 pts.)

5d. Prove or disprove: For any two subsets A and B of R,
AUB =(AUB)
A'NB =(ANB)
AUB =(AUB)
A NB =(ANB)
(12 pts.)

6. [Cantor-Schroder-Bernstein] Let A be a set and A” a subset of A. Assume
that there is a bijection f: A — A” betweeen A and A’. Let B be any set such that A" — B
c A. The purpose of this exercise is to show that there is a bijection between B and
A.

LetQ=B\A"

LetI'={XCcA: QUfX)cX}.

LetT=nT=(), X

6a. Show that T € T'. (4 pts.)

6b. Show that Q Uf(T) € I'. (4 pts.)

6¢. Show that T= Q U f(T). (Hint: Use a and b). (5 pts.)

6d. Show that B=T U (A" \ AT)). (Hint: Use c). (5 pts.)

6e. Show that TN (A" \AT)) = J. (5 pts.)

6f. Show that there is a bijection between B and A. (Hint: Use parts d and e). (5

pts.)



