Group Theory Problems
(Oleg Belegradek)

. Prove that

(a) (C(n),") = (Zn,+),

(b) (Rv ) = (R>O7 ')7

(c) (Q,+) £ (Q7°,),

(d) GL(F™) 2 GL,(F) (F is a field)
. Show that

(a) S, =((12),(13),...,(1n)) = ((12), (12...n)),
(b) A, = ((ijk) : i, J, k are distinct).

. Let K be afield, n > 2. Let ¢t;;(a) = e+ ey, with i # j, d(8) = e+ (6 —
1)enn. Prove that any matrix can be written in the form t1ts ... t,d(8)tn41 - - - ts
where each t;, = t;;(a) for some a € K . Show that

(a) GLn(K) = (ti(c), d(B) : a, B € K, B# 0,4 # j),

(b) SLn(K) = (tij(a) : a € K, i # j),

(€) Th(K) = (tij(), diag(By,...,0,) 1 <j, Bys..., B, #0),
(d) UTW(K) = (tij(a) i < j).

. Let G be a group, g € G. Show that

(a) If g™ =1 then |g| divides n.
(b) lgl = lg)l-

. Let G be a group, a,b € G. Assume ab = ba and |a|,|b] < oco. If
(lal,]6]) = 1, then |ab] = |a| |b]. If (Ja|, |b]) # 1, then there exists a c € G
such that |c| = lem(|al,|b])

. Show that for any n,m,k € {2,3,4,...} U {co}, there is a group G and
a,b € G such that |a| = n, |b| =m and |ab| = k.

. Show that all subgroups of C(p) are C(p™).

. Prove that any abelian group without proper infinite subgroups is isomor-
phic to C(p™).

. Find the following groups explicitly:
(a) Aut(Z,+)

(b) Aut(Z, <)
(¢) Aut(Z,+,<)
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(d) Aut({1,...,5},{(1,3),(2,3),(4,3),(5,3)}) (as a graph)
(e) Isom(R )

(f) Isom(R=Y)

(g) Isom(R=°UiR=0)

Let G =[[;c;Gi- Let JC I, Gy ={f € G:Vie J® f(i) = ¢;}. Show
that G =2 G; x G je. Prove the same statement for direct sum.

Show that D,,(K) = [, K*.

Prove that if ged(n,m) = 1, then C(n) x C(m) = C(nm).
Find all left and right cosets of ((12)) in Sym(3).

Show that |Z : (n)| = n.

Prove that Q has no proper subgroup of finite index.
Show that |Sym(n) : Alt(n)| = 2.

Let A,B < G. Prove that |G: ANB| < |G : A|.

Let A < B < G. Show that |G : A] < oo if and only if |G : B, |G : 4| <
oo. If we have this situation then |G : A| = |G : B|.|B: A|.

Let A, B < G be of finite index. Show that |G: ANB| < |G: A|.|G: B|.

Prove that

Show that every subgroup of index 2 is normal.
Let A, B < G. Show that

(a) if A< G then AB=BA<G.

(b) if A,B < G then AB < G.

(c) it is possible that A < B and B < G but A 4 G.
G is abelian if an only if for all g € G ’gG| =1.
Suppose that A < B < G. Show that

(a) Np(4) <B
(b) A< B ifand only if Ng(A) =B
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Let
a b
G—{( 0 1 ) .a,be(@,a;ﬁO}.
Find a subgroup of G which is conjugate to a proper subgroup of it.
Show that Z(G) <G .

Show that

(a) Sym(n) is abelian for n < 3.
(b) Z(Sym(n)) = {Id} if n > 3.
(c) Alt(1) = Alt(2) = {Id}, Alt(3) = ((123)).
(d) Z(Alt(n)) = {Id} for n > 4.

Let K be a field. Prove the following

Show that Z([],c;G:) = [Lic;Z(G2).
For the next five problems K denotes a field.

Show that if |K| > 2 or n > 2 then GL,(K)" = SL,(K).
Prove that GLo(Fy) = SLa(F2) = Sym(3). Find GLy(Fa)'.
Show that if |K| > 2 or n > 3 then SL,(K)' = SL,(K).
Find SLy(F2)'. Prove that SLy(F3)' # SLa(F3).

Show that if |K| > 2 then T,,(K) = UT,(K). If |K| =2 then T,,(K)" =
UT,(K).

Let G be a group, A, B,C <4 G. Then [AB,C| = [4,C][B,C].

Let G be as in problem 25. Find G’ and show that any element in G’ is a
commutator.

Prove that (IT;; Gi)l =[1,c; G Is it true for [].

Decide which of the following properties are preserved under homomor-
phisms:

(a) being abelian,

(b) being nonabelian,
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(c) being finite,
(d)

(e)
(f)

being infinite,
being torsion,
being torsion-free.

Show that a quotient of a cyclic group is cyclic.

Let G be a group and N < G. Prove that G/N is abelian if and only if
G' < N.

Find T,(K)/UT,(K), {p— ca€Zne N} /Z.

Let G be a group. Define a map Inn from G to Aut(G) sending g to the
automorphism z +— gzg~!. Show that

(a) Inn is a homomorphism,

(b) Ker(Inn) = Z(G),

(¢) Inn(G) < Aut(G).
Show that End(K) = K for K = Z,Z,, Q.
Show that End (&,K) = M, (K) for K =Z,7Z,,Q.

Let 4w : A — B be a group homomorphism. Prove that (a,b) —
(a,b.u(a)) € Aut(A x B).

Show that Aut(Sym(3)) = Inn(Sym(3)).

Let G be a group. Let ® C End(G). If a subgroup H is invariant under
all p € & we write H <¢ G. Let H; <g G . Show that

(a) ﬂie[ Hi <o G7
(b) (Uier Hi) <o G-

Let H <¢ G. If ® = End(G) we write H <, G, if & = Aut(G) we write
H <, G. Show that

(a) <, <,are transitive,

(b) < is not transitive in general,

(¢) f BIG and A <, Bthen A <G.
Show that Z(G) <, G but in general Z(G) %. G.

Show that in Z,Z, and C(p*) all subgroups are invariant under endo-
morphisms.

Let K be a field. Show that
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(a) UTn(K> ge Tn(K)>
(b) SLo(K) <. GLo(K).

Show that a periodic abelian group is automorphically simple if and only
if it is isomorphic to ®xZ, for some prime p.

Show that an abelian group is automorphically simple if and only if it is
isomorphic to @,Z, for some prime p or ©,Q.

1 a

Define Hol(G) = GX semi Aut(G). Show that Hol(K) = {( 0 b ) rae K be K*}

for K = 7,7, Q.

Show that the following groups are nonisomorphic: ZWrZsy, ZoWrZ,
Ziowrl..

Show that if A9 < A, By < B then AqwrBy — AwrB.

Suppose that A #1, 1 # N < AwrB. Show that N N fun(B, A) # 1.
Compute Z(AwrB), Z(AWrb).

Compute (ZwrZ)'.

Show that the operation wr is not associative even in the class of finite
groups.

Let R* act on R? by

(a) AMz,y) = (A, A" 'y),
(b) Az, y) = (Az,y),

(©) Ax,y) = (Az, \y),

(d) Az,y) = (N2, \%y)

Find the orbits.
Let Sym(n) act on R™ via permuting coordinates. Find the orbits.
Let Sym(N) act on o(N) in the natural way. Find the orbits.

Show that for each prime p and each integer greater than 2 there is a
nonabelian group of order p™.

Let G be a finite nontrivial p-group acting on a finite set. Show that the
kernel of the action is nontrivial.

Show that R~ splits in R*.

Decide whether the following groups split or not:

(a) PSL,(K) in GL,(K)
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(b) PSL,(K) in PGL,(K)
(¢) ZinQ
(d) nZinZ

Prove that in a nilpotent group G the set A, = {g € G : g?" =1 for some
n} is a subgroup of G. Show that if G is torsion then G is the direct sum
of Ap’s.

Show that a divisible torsion nilpotent group is abelian.

Let G be a nilpotent group, H <1 G. Show that if G is divisible and torsion
then it is central in G.

Find End(Z/nZ), Aut(Z/nZ) and Hom(Z/nZ,Z/mZ).
Find End((Z/nZ)™), Aut((Z/nZ)™), End(Z/p™Z) and End(Z/p>Z).

Let g be an element of PSL, (K). Show that the centralizer of g is abelian
if and only if char K = 2 and n = 2. Prove that this never happens for
Alt(n) for n > 5.

Let G act transitively on X. Let © € X. Prove that the action of G is
equivalent to the action of G on G/G, by left translation.

An abelian group is called reduced if it has no divisible nonzero subgroups.
Prove that any abelian group is a direct sum of a divisible and a reduced

group.

In any torsion free divisible abelian group the intersection of any family
of divisible subgroups is divisible. Show that for torsion groups it fails.

Prove that for any torsion-free abelian group A there is a torsion free
divisible abelian group A > A such that there is no divisible group B with
A> B> A. Ais called a divisible hall of A. Show that all the divisible
halls of A are isomorphic over A.

Let G = @,Z,. Show that G/Gior = (R, +).

Prove that any direct sum of cyclic groups is reduced.

Show that Q and C(p>°) are not direct sums.

Prove that if G/H is torsion free then H is a pure subgroup of G
Show that cyclic groups has no pure subgroups.

Prove that in the group F(a,b) the set {a"ba™ : n € N} generates a sub-
group freely.

Prove that every free group with more than one generator is nonabelian.
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Prove that

< (1) ? ) and ( ; ? ) generate a free subgroup of Sly(Z).

Find defining relations for &,,Z.

Show that Sym/(3) = <a,b a?, b3, (ab)2>, Zg = <a,b : a2,b3,a_1b_1ab>.
Prove that if F(X) = F(Y) then |X| = |Y].

Let KN be the class of all K by N groups. Show that K(NM) = (KN)M.
Let F be a field. Prove that T,,(K) is solvable.

Show that in any group the product of two solvable subgroups is solvable
subgroup.

Show that in any finite group G there is the greatest normal solvable
subgroup S of G. Moreover G/S has no normal abelian subgroups.

Prove that any finitely generated torsion solvable group is finite.

Prove that for any finite solvable group there is a series of subgroups
1=Gy<G1<...4G, =G
such that G; < G and G;41/G; is cyclic.

Let A < B < C be groups. Then B/A C Z(G/A) if and only if [B, C] < A.

Let A be the class of abelian groups. Show that if G is nilpotent of class
n then G € A™.

Let K be a ring, n > 2. Prove that UT,, (K) is nilpotent of class n — 1.

Show that for any group G if G/Z(G) is nilpotent then G is nilpotent.



