Exercises in Algebra IIB  No.7

Show that v/5 & Q(v/2, V7, V11,v/13).

Let # € Q be an algebraic number. Then show that Q(f) and Q[f] are isomorphic. In
particular, write (2 + 26 + 6%)~! in terms of a polynomial of § when 6 = v/2.

Let K be a field. Find all automorphisms of K(X) over K.
Let K be a field. Find all automorphisms of K (X)) over K.
Determine all monic irreducible polynomials of degree n (2 < n < 4) in Fo[X].

@ Check that X? +2 and X2 + X + 1 are both irreducible in F5[X]. Construct concretely
an isomorphism between F5[X]/(X? + 2) and F5[X]/(X? + X +1).

Let p be a prime and a a non-zero element of IF,. Then show that X? — X — a is
irreducible in F,[X].

Find a condition of prime numbers p such that f(X)= X%+ X3 + X2+ X + 1 can be
expressed as a product of different four linear forms in F,[X].

@ Show that GL(n,F,) has a cyclic subgroup of order p™ — 1.

Let p > 7 be a prime and {a, }5°, the Fibonacci sequence. Let ¢ be the smallest positive
integer such that a,; = a, (mod p) for ¥n > 0. Then show that ¢ | (p* — 1).

Let g be a power of a prime number and n a positive integer.
(1) Show that

X" —1 =[] £i(X) €F,[X],

where the product takes all the monic irreducible polynomials f;(X) € F,[X] with

deg f; | n.
(2) Let N(g,n) be the number of the monic irreducible polynomials of degree n in

F,[X]. Then show that
N(g,n) = 5 > gn () a%,

where p(x) is the Mébius function.

(3) Show that
HO € Fypn | Fo0) =Fyn} = g0 10 (2) g

Let K =F, and L = Fjn. Then show the following equalities:



(1) tryx(z) = >0 a7
(2) Npjx(z) = 2@~ D/a=D),
Show moreover that 7/, and Nz, map L surjectively onto K.

Let k = F,, and a € £*. Then show that
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