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Preface

Here are notes of my course, called Rudiments of Nonstandard Anal-
ysis, given at the Nesin Mathematical Village, in Sirince, July 1427,
2014. I started lecturing in Turkish, switching to English when it tran-
spired that everybody understood this. After every lecture, I wrote
out a record what had happened. The present document is a highly
edited version of the daily records. I have added some references, and
cross-references, and I have made some corrections and amplifications,
though without changing the content of particular days.

The experience of the students ranged from one year of university to
some years of graduate school. Prerequisites of the course had been
given as

Calculus and algebra (the theorem that maximal ideals are prime),

though in the event, most of the students did not know much algebra.
The “abstract” of the course was
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The axiom of choice, ultrafilters, ultraproducts. Connections with
algebra. The rudiments of nonstandard analysis.

What actually happened can be seen in the main text. A few EX-
ERCISES are made explicit in the text; also, formally stated theorems
without proofs can be considered as exercises. In the actual course,
some of these were proved by students at the board.
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Summaries of the days

5. Ultraproducts []

1. Calculus with infinitesimals (the limit of the sum is the sum

of the limits). Non-Archimedean ordered fields.

2. More calculus with infinitesimals (the limit of the product

is the product of the limits). Rings and their ideals. Power
sets as Boolean rings.

3. Why R had to be rigorously defined. Equivalence of stan-

dard and non-standard definitions of limits. Dedekind’s con-
struction of R. The Cauchy-sequence construction of R.
Valuation rings.

4. Ideals of power sets. The Maximal Ideal Theorem and its

proof by Zorn’s Lemma. Maximal ideals m of &(w) that
contain all finite subsets of w. The Sorites Paradox. The
ordering of the ultrapower R® /M, where M is the maximal
ideal {z € R®: supp(z) € m}.

icw Kk/ M of fields, as for example finite
fields. Logical formulas. The Prime Ideal Theorem. ¥.o§’s
Theorem for fields, and the Transfer Principle.

6. Los’s Theorem (and the Compactness Theorem) in an arbi-

trary signature. *R as the [ultrapower| R® /M. *N. Non-
standard analysis of sequences. Filters and ultrafilters.
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2. 1. Ultrafilters on w. More non-standard analysis of sequences.
Standard parts of finite non-standard real numbers. Why
the Transfer Principle does not apply to second-order prop-
erties.

2. Non-standard analysis of bounded sets and limit points. The
Bolzano—Weierstrass Theorem.

3. Closed sets and open sets. Monads. Logical and topological
compactness. The Heine—Borel Theorem.

4. Topological spaces. The compactness of the spectrum of a
ring. Non-standard characterization of topological compact-
ness. The logical Compactness Theorem implies the Prime
Ideal Theorem. Boolean algebras and the Stone Represen-
tation Theorem.

5. Logical truth and Lindenbaum algebras. Stone spaces and
the proof of the Stone Representation Theorem. Bases of
topological spaces. Proof of the logical Compactness Theo-
rem from the Prime Ideal Theorem.

6. The Axiom of Choice is equivalent to L.o§’s Theorem and
the Prime Ideal Theorem together.

1 First week

1.1 Monday

Suppose a function f is defined by

_ Jwsin(1/x), ifx#0,
f(m)_{o, if 2 = 0.
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Is f continuous at 07 Why or why not?

By the standard definition, for an arbitrary function f from R to R,
the expression
lim f(z) =1L

r—a

means™

V6(5>0 = 3 (0>0 & Vz
(O<lo—al<d = [f()~LI<e)). (1)
Then f is continuous at a if and only lim,_,, f(z) = f(a).
Theorem 1. Iflim,, f(z) = L and lim,_,, g(x) = M, then
lim (f + g)() = L+ M

(“the limit of the sum is the sum of the limits”).
Standard proof. By the triangle inequality,
[(f +9)(x) = (L+ M)| < [f(z) — L] + |g(z) — M|.
Suppose € > 0. For some positive §; and o,
0<lo—al<d = [fz)~L| <3,
0<|o—al <8 = |g(z) - M| < g

Let § = min(dy,d2). Then

O0<|z—a|l<d = |f(z)—L|+ |g(x) — M| <e,

*Commonly the defining sentence is written as (Ve > 0)(3§ > 0)Vz(0 < |z—al <
§=|f(z) — L| <e).
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and therefore
0<|z—al<d = |[(f+9g)(x)—(L+M)|<e.

Thus lim,,.(f + g)(x) = L+ M. O

By the standard, “c-¢” definition, lim, ,, f(z) = L means that f(z)
is relatively close to L, or as close as we like to L, provided =z is
sufficiently close (but not equal) to a. Here the variable x ranges
over the ordered field R of real numbers.

We are going to develop a notion of being “absolutely” close, denoted
by ~. Then lim,_,, f(z) = L will mean that f(z) is absolutely close
to L, provided z is absolutely close (but not equal) to a: in symbols,

Ve(r~a & v#a = f(x)~L). (2)

However, the variable x here will range over an ordered field larger
than R.

If £ ~ a, then z — a ~ 0, and = — a will be called infinitesimal (or
infinitely small). The sum of two infinitesimals will be infinitesimal.
Then for the theorem above, we shall have:

Non-standard proof. If x ~ a, but « # a, then f(x) ~ L and g(x) ~ M,
so f(z) — L and g(z) — M are infinitesimal, and therefore so is their
sum, which is equal to (f + g)(z) — (L + M); thus

(f +¢g)(x) ~ (L + M). O

The simplest example of an ordered field that includes R and contains
infinitesimals is the field R(X) of rational functions in the variable X
over R; an arbitrary nonzero element of this field can be written as

an X"+ ap_1 X" 4 qpXO
b X + b 1 X1 -+ by X0
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for some nonnegative integers n and m, for some a; and b; in R, where
anbm # 0. We define the element of R(X) to be positive if a,b,, > 0.
Hence for all positive integers n,

1-X! —nXx°
X*HZW>O,

so X > n, and therefore 0 < 1/X < 1/n. Thus X is infinite, while
1/X is infinitesimal.

To be precise, there are two equivalent ways to define an ordering of
a field K. If P C K and is closed under addition and multiplication,
while

PU{0}U{—z:2€ P} =K,

then P is the set of positive elements of K with respect to an ordering
of K, given by
r<y < y—xzeP.

Alternatively, < is linear ordering of K such that

r<y — r+z2<y+z,
r<y & 2>0 = zz<yz.

Because it has infinite elements, the ordered field R(X) is non-Archi-
medean. It is not rich enough for doing analysis. We are going to do
analysis in a non-Archimedean ordered field denoted by

*R,
which will be the guotient R® /M, where

e w=1{0,1,2,...}, the set of nonnegative integers, and

e M is a nonprincipal mazximal ideal of the ring R“ of functions
from w to R.
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1.2 Tuesday

Theorem 2. Iflim,, f(z) = L and lim,_,, g(x) = M, then

lim (fg)(z) = LM

T—a

(“the limit of the product is the product of the limits”).

Standard proof. Since

[(f9)(z) = LM| = |f(z) - g(x) — LM
=f(x)-g(z) = f(z) - M + f(z) - M — LM]|
< |f(@)]-lg(x) — M| +[f(x) — L[ - |M],

it is enough to let §; be such that

O<|z—al<dh = |f(z)-L|<

2|M|
= 1) <ILI+ g
then let d2 be such that
0<|z—al<d = |g(x) = M| < ;6
2 (164 57
then let § = max(d1,d2). O

For the non-standard proof, taking place in the non-Archimedean or-
dered field *R mentioned above, we have noted that the sum of in-
finitesimals is infinitesimal; we also need that the product of a finite
(that is, non-infinite) number and an infinitesimal is infinitesimal.
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Nonstandard proof. If x ~ a, then f(z) ~ L and g(z) ~ M, so f(x) —
L ~0 and g(z) — M ~ 0, and therefore

(f9)(x) = LM = f(z) - g(x) — LM
f(x)-g(x)— flz)- M+ f(z)- M — LM

)
=f(ff)'(9($)—M)+(f($) L)-M
~ 0. O

T

What we now call simply calculus was once called infinitesimal calculus
because it was conceived in terms of infinitesimals. When calculus
was made rigorous, infinitesimals were not involved, but today’s -
definitions were developed.

Why make calculus rigorous? Well, why do we believe that there is a
number called /2?7 For centuries or even millenia, we have been able to
compute approximations to this number. An algorithm for computing
decimal approximations used to be learned in school (by my father,
for example). However, Dedekind asserts (and I agree) that, before he
gave a rigorous definition of the field R of real numbers, the equation

V23 =16

was not a theorem, because there can be no algorithm for multiplying
infinite decimal expansions.

Let us review precisely the axioms for fields. First, an abelian group
is a structure (G, 0, —, +), where

e addition (+) is a commutative, associative binary operation on
the set G,

e ( is an identity with respect to addition, and
e — is inversion with respect to addition and 0.

A field is a structure (K,0,1,—, 4, X), where
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e (K,0,—,+4) and (K ~ {0},1, 71, x) are abelian groups (for some
singulary operation ~! on K \ {0}), and

e multiplication (x) distributes over addition.

If we do not require the existence of a multiplicative inverse ~! on K
{0} (but we still require that x be commutative and associative, with
identity 1), then what we have is a ring.* In a ring, by distributivity,

z-0=2-(04+0)=z-04+x-0.
Fields, like Q and R, are rings, but Z is a ring that is not a field. Let
N={1,23,... }
this is not even a ring. But if n € N, then there is a ring denoted by
Z/nZ,
consisting of the elements x 4+ nZ, where
nZ = {ny:y € Z},

sox+nZ={x+ny:y € Z}. Thering Z/nZ is a field if and only if n
is a prime p; and then this field is denoted by

F,.

Can this be made into an ordered field? No, because in an ordered
field, always 1 4+ --- 4+ 1 > 0. Such a field has characteristic 0; but
char(FF,) = p, since in Fp,

*In some books, what we have defined as a ring would be called more precisely
a nontrivial commutative ring with (multiplicative) identity; but we shall consider
no other rings than these.
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In general then, if K is an ordered field, we may assume Q C K. Let

R = {finite elements of K},

I = {infinitesimal elements of K}.

Then R is a ring, and [ is an ideal of R, because it is an additive
subgroup of R that is closed under multiplication by elements of R.

If R is an arbitrary ring, and I C R, then [ is an ideal of R if and only
if
z,yel = z+yel,
reR & zel = reel, (3)
0el.

A ring is the improper ideal of itself; every other ideal of the ring
is a proper ideal. A maximal ideal of R is a proper ideal I that is
maximal as such, that is, for all ideals J of R,

IcJ = J=R

Then nZ is an ideal of Z; it is a proper ideal, if n > 1; it is a maximal
ideal, if n is prime.

An ideal is proper if and only if it does not contain 1. The ideal
I of infinitesimal elements of the ring R of finite elements of a non-
Archimedean field is a maximal ideal, because if x € R ~ I, then
27! € R, so any ideal of R containing  contains also 1.

The quotient ring R/T is defined like Z/nZ; and when I is a maximal
ideal of R, then R/I is a field.

The ordered field R is complete: every nonempty subset with an upper
bound has a least upper bound, that is, a supremum. If again R is
the ring of finite elements of a non-Archimedean ordered field, and
I is the ideal of infinitesimal elements, then R/I is an Archimedean
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ordered field, and therefore it embeds in R. Indeed, since we may
assume Q C R, there is a map

z+I—sup{ueQ:u<uz} (4)
from R/I to R, and this is an embedding.
An arbitrary element a of the power R® can be written out as one of
(ap,a1,as,...), (ag: k € w),
where the a; are in R. Then the ring operations on R® are given by

a+b:(ak+bk:kew),
ab = (akbk: kew)

What are the ideals of R®? On R, let us define
. {x_l, if x #0,
0, if z = 0;
and then on R%,
¥ = (xo*,x1",...) = (" k € w).

There is a bijection I + I from {ideals of R®} to {ideals of Fo®},
where

I={z*x: 2 €I}
Given a in R® or Fo®, we define
supp(a) = {i € w: a; # 0},

the support of a. Then x — supp(z) is a bijection from Fo® to Z(w),
and for x and y in F2® we have

supp(zy) = supp(x) Nsupp(y),
supp(z + y) = supp(z)A supp(y),
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where A denotes symmetric difference:
XAY = (X~ Y)U(Y < X)=(XUY)~ (XNY).
So Z(w) is a ring, with A as addition and N as multiplication. Then
the maximal ideal M of R® corresponds to a maximal ideal m of Z(w),
namely {supp(z): x € M}.
The ring &(w) is a Boolean ring, that is,
< =x.

From this we have

2z = (2z)? = 422 = 4z,
0= 2z.

Thus the characteristic of a Boolean ring is 2. Hence also
z-(1+x)=0,
so the only Boolean field is Fo. Hence &(w)/m = Fy, and

Xem<<—= w~X¢m

1.3 Wednesday

Why was it not a theorem before Dedekind that 1/2-1/3 = /67 We can
approximate roots with decimals, but have no algorithm for multiplying
(or adding) infinite decimal expansions. For example, what is

(2.333...) x (2.142857)?
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We have
2.3 x 2.1 = 4.83,
2.33 x 2.14 = 4.9862,
2.333 x 2.142 = 4.997286,
2.3333 x 2.1428 = 4.99979524,
but

2.3334 x 2.1429 = 5.00024286.

So we cannot know the first digit of the product, just by computing
with finitely many digits.

Dedekind gives us R as an ordered field. Using this, we shall construct
an ordered field *R (namely R® /M as before) where R € *R. If f: R —
R, then f will extend to a function *f from *R to *R (so *f [ R = f).
The equivalence between the standard and non-standard definitions of
limits (in (1) and (2), pages 5 and 6, respectively) will be established
as follows.

Theorem 3. In R, (1) holds, namely
V5<5>0 — 36 (0>0 & Vx
(0<lo—al <0 = [f(2) - L <2)),
if and only if in *R,
Ve(r~a & v#a = *f(x) >~ L).

Proof. (=). Suppose b ~ a and b # a. Then for all positive ¢ in R,
0<|b—al <d. Let e € R and £ > 0. By (1), for some positive ¢ in R,

REVz(0<|z—al]<d = |f(z)—L| <e)
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(here F is the truth relation), and so (as we shall show)
REVE(0< |z —a|<d = ["f(z) - L| <e),

and therefore |*f(b) — L| < . This being true for all positive ¢ in R,
we have *f(b) ~ L.

(«). Suppose (1) fails, so that, for some positive ¢ in R,

REVS (0>0 = Fx(0<|z—a|<é & |f(z)— L] <e)).
Then *R F [same thing, with *f for f]:

REVS (6>0 = Fz (0< |z —al <6 & |*f(z) - L| <e)).

In particular, for all positive infinitesimal d, there is b in *R such that
0<|b—al <0 (sob=~a, but b # a), and [*f(b) — L| > ¢, so
“f(b) # L. O

We could do non-standard analysis (as in the non-standard proofs of
Theorems 1 and 2), without proving Theorem 3; this theorem just
assures us that we would not be doing anything new.

How do we get the property of *R used in the last proof? First it
will be useful to review how we obtain R. Recall from page g that
(K,0,1,—,4, x) is a field if

o (K,0,—,+) and (K ~ {0},1,71, x) (for some ~!) are abelian
groups,

e -+ distributes over x.

If (K~ {0}, 1, x) is only a monoid (X is commutative and associative,
1 is an identity), then (K,0,1,—, +, X) is a ring.

If K is a field, then (K, <) is an ordered field if {z € K: 2 > 0} is
closed under + and x, and

K={reK:z<0}u{0}U{ze K:z>0}.
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Adapting Dedekind’s definition, let us say that a cut of Q is a nonempty
proper subset A of Q such that*

yeA & z<y = x €A,
reA = Jylye A & z<y).

Let
R = {cuts of Q}.

Then z — {y € Q: y < z} is an embedding of (Q, <) in (R, C), and
addition and multiplication on Q extend to continuous operations on
R, and then (by continuity) R becomes an ordered field.

Note that Dedekind’s construction relies only on the ordering of Q.
Another construction of R may be more useful for us. For this, we
let

R = {Cauchy sequences of Q},

I = {sequences of Q converging to 0}.

Recall that ¢ € R means

Ve (e >0 = 3k VmVn
mMeN & k<m & neN & k<n = |an, —a,| <¢)).

Then I C R.

Theorem 4. I is a mazimal ideal of R.

Proof. This is an EXERCISE; but assuming [ is an ideal, let us show it is
maximal. Say ¢ € R~ I. We must show that every ideal J containing

*For Dedekind, the cut is (A,Q \ A), and if A has a supremum in Q, it does
not matter whether this supremum belongs to A or not.
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a and including [ is R. Say b € R and ¢ € I. Then ab+c € J. We
want to show 1 € J. So we want to find b in R and ¢ in I such that

ab+c=1.
Given that a = (ag,a1,...), we could let b = (ap~t,a171,...), so

ab = (1,1,1,...) = 1. But possibly a; = 0. Recall from page 12 the
definition on R,

. 7l ifx #£0,
x =
0, if x =0.
So let
b=a" = (a",a1%,...).

Then ab and 1 — ab are in € {0,1}*. We want to show 1 —ab € I.
That is, we want to show that, for some k, if n € N and k < n, then

an # 0.

The desired conclusion holds because a is Cauchy, but does not con-
verge to 0. To be precise, for some positive ¢, for all k, for some n in
N, we have k < n, but |a,| > €; but also, for some k, for all m and
nin N) if £k < m and k < n, then |a, — an| < €/2. We may assume
lan| > €, and so

€

5 < |aml;

< an| —

| ™

in particular, a,, # 0. O

Theorem 5. [In the notation above,| the function x + I — lim(x) is
a well-defined bijection from R/I to R, and it preserves addition and
multiplication: it is an isomorphism of fields.

Proof. EXERCISE. O
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Now let K be a non-Archimedean ordered field, so it has infinite ele-
ments. Let

R = {finite elements of K},
I = {infinitesimal elements of K}
={z ' 2 e K~ RYU{0}.

Then R is a valuation ring of K, because
Ve (r€ K~NR = x ' €R).

Let
R*={x € R~ {0}: 27! € R},

the group of units of R. Then
I =R~ R*.

We asserted on page 11 that I is an ideal; but this follows, simply
because R is a valuation ring of K. Indeed, suppose z,y € I. Either
x/y or y/x is a well-defined element of R; assume y/x € R. Then
1+ y/z € R, that is,
z+y
x

Since 27! ¢ R, also 1/(z+y) ¢ R, so z+y € I. Similarly, if z € I and
y € R, then zy € I (EXERCISE).

€ R.

So [ is an ideal; automatically it is a maximal ideal, as we showed
on page 11: if @ € R~ I, then a~! € R, so every ideal containing a
contains 1.

For another example, let K = Q(X) and

R={f € K: f(0) is defined},
I={feK: f0)=0}
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Then R is a valuation ring of K with maximal ideal I.

We want to let K = R®/M, where M is a maximal ideal of R®”. We
know that M is determined by a maximal ideal of the Boolean ring

(2(w),0,w,A,N).
Theorem 6. A subset I of Z(w) is an ideal if and only if

X,Yel = XUY el
Yel & XCY — Xel,
gel.

Proof. EXERCISE: an adaptation of the definition (3) of ideals on page
11. O

For example, &(w) has (at least) two kinds of ideals:
o {finite subsets of w}, and

o P(A),if AC w.

1.4 Friday

We want to understand the ideals of &?(w), and more generally of
Z(Q) for arbitrary sets . We have the characterization of ideals
of Z(w) in Theorem 6; it still holds when w is replaced by Q. If
A C Z(Q), then the ideal Z(A) of () is called a principal ideal.
If 2 is infinite, then the set of finite subsets of Z7(Q), which we can
denote by

Pu(Q),

is a nonprincipal ideal, because there is no subset A of € such that

P, (Q) = P(A).
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{0,1,2}

N

{0.1} {0,2} (1,2}

><{1}><{2}
S

16}

{0}

Figure 1. The elements of 4(3)

However, if () is finite, then all ideals of &?(Q) are principal. Consider
for example the case where  is 3, where 3 = {0, 1,2}, as in Figure
1: every ideal consists of an element and the elements below it in the
diagram.

Theorem 7. Suppose I is an ideal of 2(Q) and A C Q. The smallest
ideal of () that includes I and contains A is

{(XUY:Xel & Y CA} (5)

Proof. If Xy, X1 € I and Yy, Y; C A, then
(XoUYo)U(X7UY7) =(XoUXp)U (YpUYy),
XoUX, e, YUY, C A.
Thus the set indicated in (5) is closed under U.
IfXelandY CAand ZC X UY, then
Z=7Zn(XUY)=(ZNnX)Uu(ZNY),
ZnXel, ZNY C A.
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Thus the indicated set is closed under taking subsets.

Obviously the indicated set is included in every ideal of (1) that
includes I and contains A. O

Denote the new ideal in the theorem by

I+ (A).
If this is Z2(£2), then it contains Q, so for some X in I and Y in
Z(4),

Q=XUY,
XDOOQNYDONA,
ONAel.

From this we obtain:

Theorem 8. Let I be a proper ideal of 2(Q). Then I is a mazimal
ideal if and only if, for all X in P(Q),

X¢l = Q- Xel. (6)

Proof. If I is maximal, then for all A in () \ I, we have I + (A) =
P(Q), so A\ A€ 1, as above.

Suppose conversely (6) holds. If A € 2(Q) \ I, then QN A € I, so
I + (A) contains both A and Q \ A and therefore Q. O

Principal maximal ideals of &Z(w) exist, namely Z(w ~ {k}). Do
nonprincipal maximal ideals exist? They will, by the Maximal Ideal
Theorem (Theorem 11) below.

A subset € of Z2(Q) is a chain if it is linearly ordered by C, that is,
forall X and Y in &,

XCY or Y CX.
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In the following, note well that

Ue=JVv={:3Fr(ves & zeY)}.

Ye&

Theorem g (Zorn’s Lemma). Let o C Z(Q). Suppose that, for every
subset € of o/ that is a chain, |J€ € &/. Then </ has a mazimal
element X (so that, for allY in A, if X CY, then X =Y ).

Actually we shall treat Zorn’s Lemma as an aziom. It is equivalent to
the Aziom of Choice (see page 50).

Theorem 10. The union of a nonempty chain € of proper ideals of a
ring R is a proper ideal.

Proof. It x,y € |J€, then for some [ and Jin €,z € I and y € J. We
may assume I C J. Thenz € J,sox+y € J, and hence z +y € | JF.
Similarly if x € (J% and y € R, then ay € |[J%. So |J% is an ideal.

If | ¥ is the improper ideal, then 1 € | J%, so for some [ in €, 1 € I;
but I is proper, so 1 ¢ I. O

Theorem 11 (Maximal Ideal Theorem). Every proper ideal I of a ring
R is included in a mazimal ideal of R.

Proof. This maximal ideal is a maximal element of the set of proper
ideals of R that include I; it exists, by Zorn’s Lemma and the last
theorem. O

In particular, there is a maximal ideal m of &(w) that includes the
ideal £, (w). Let

M ={z e R”: supp(x) € m},



Non-standard analysis 23

where

supp(z) = {k € w: x # 0}.
As noted on page 12, M is an ideal, indeed a maximal ideal, of R®.
Then R® /M consists of the elements a + M, where a € R®; and

a+M=b+M < a—-beM
<= supp(a —b) €m
— {kew:a,#b}em.

Let us refer to elements of m as small, and to elements of Z(w) \m
as large. Then:

e the union of two small sets is small;
e a subset of a small set is small;
e the complement of a small set is large.

Note that, by this definition, all finite sets are small, although some
infinite sets will be small as well. The definition is a kind of resolution of
the Sorites Paradox, or Paradox of the Heap, attributed to Eubulides
of Miletus, 4th century BCE. If from a heap of sand, one grain is
removed, still a heap of sand remains; but all of the grains in the heap
can be removed one by one, so that, paradoxically, even one grain can
constitute a heap.

A heap is a large pile of sand, and one grain is a small pile; but these
are only relative terms, rather in the sense of page 6. Elements of m
are absolutely small; of Z(w) \ m, absolutely large.

That R® /M is a field follows from basic ring theory: the quotient of
a ring by a maximal ideal is a field. We want R® /M to be an ordered
field in which R embeds. The embedding will be z — (z,z,x,...)+M;
this map is indeed injective, since (z,z, z,...) is just (z: k € w), and
(x:hkew)+M=(y:kew+M < {kecw:z#ytem
= =y
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We define the ordering by
a+M<b+M <= {kew:a>by}em.

This is a valid definition, because if a+M = a’+M and b+M = b’ +M,
then

{kew:a>b.}
Clkew:ap2btU{k e w:a) #ap}U{k € w: by, # b},

so if {k € w: ap > by} is small, then so is {k € w: a}, > )}, and
conversely by symmetry.

Similarly all of the axioms of ordered fields hold in R® /M, as we shall
show generally tomorrow. Meanwhile, note that (1,2,3,...)+ M is an
infinite element of R® /M, and so (1,1/2,1/3,...) 4+ M is an infinites-
imal element. Of the elements

(0,1,0,1,0,1,...) 4+ M, (1,0,1,0,1,0,...) + M.

Which one is greater? We don’t know. Either the set of odd numbers
or the set of even numbers is in m. If {odd numbers} € m, then

(0,1,0,1,...) + M = (0,0,0,0,...) + M
<(L,L,L,1,..)+M
=(1,0,1,0,...)+ M

1.5 Saturday

We want to understand R® /M, where M is a maximal ideal of the ring
R®. This is a special case of

H& M,

1€Q
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where Q is an arbitrary set, and each Kj is a field, so [];.q K; is the
ring consisting of (a;: i € ), where a; € K;; and M is a maximal ideal
of this ring.

For example, €2 could be the set of primes, and if p € Q, K, could be
F,, that is, Z/pZ. If ¢ € 2, let £ = 0 be the equation

14---+1=0.
—_———
L

This is true in F, if and only if p = £. Then
{pe:l=0inTF,} = {/{}.
Let
m = {supp(z): x € M}.

Assume Z,(©2) C m; then {¢} € m,s0 £ = 0isnot truein [[ o Fp. In
particular, this field has characteristic 0. But it is a kind of “average”
of the fields IF,,, each of which has characteristic p. It is an example of
a pseudofinite field.

In general, let
H = (K;:ieQ), 117 =1]x:
e
There are homomorphisms
o x+— x+ M from [[# to [[# /M,
e z+— x; from [[# to K; for each ¢ in .

If a € [[#, we let the interpretation of a in [[# /M be a + M;
in K;, a;. Then a polynomial equation f = g with parameters from
[1# has a meaning in [[ # /M and in each K;. For example, f = g
could be

ab® + 5¢ = a*c — 6d*
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for some a, b, ¢, and d in [[#. Truth is denoted by F. Then
[[#/MEf=g < {icQ K Ff+#g}em,

where again m = {supp(z): © € M}. We can understand the equation
f=gasp(a®,...,a" 1) for some polynomial equation ¢(z°, ..., 2" 1)
in no parameters, in the signature {0,1, —, +, x } of rings. (The super-
scripts are not exponents, but indices.) In the example above, ¢ is

29(2")? + 522 = (29)32? — 6(2®)*.

In general, ¢ is an atomic formula. Other formulas are obtained
from these by use of A (and), = (not), and 3z (there exists z). A
sentence is a formula with no free variables. In the formula

Ve (0<|z—a|l<d=|f(x)—L| <e),

e 1 is a bound variable (not free),

e a and L are parameters,

e § and ¢ are free variables,

e <, |-|,and f are from a larger signature than that of plain rings.

A formula o = 7 is an abbreviation for ~o V 7; and o V 7, for =(—o A
7).

For any ring R and sentences o and T,

RE -0 < RFo,
REoANT < REoc & RET,
RE 3z p(x) <= forsome a in R, R E p(a).

Here <= and & are abbreviations for the English expressions “if
and only if” and “and” respectively; and R ¥ ¢ means o is not true in
R.
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Given a sentence o with parameters from [ ¢, let
loll ={i € Q: K; Eo}.

Following Wilfrid Hodges in his Model Theory [1], we may call ||| the
Boolean value of 0. Then

llo ATl = llelf A=l
=l =2~ lo|l,
lo v rll = floffufr].
Because m is an ideal,
lovrlem < [offem & [I7] € m. (7)

Because m is a mazimal ideal,

lofl ¢ m <= [|=ofl €m, ®)
loAT]| €Em < o] €m OR |7] € m. (9)
Why? Recall that
mC 2(0), (10)
X, Yem <<= XUY em, (11)
Yem & XCY = Xem, (12)
Xé¢m<<—= QX em (13)

But (12) follows from the other three conditions. We have that (7)
follows from (11), and (8) from (13). Finally, (9) follows from (7) and
(8), because

loATllem < [mo V7| ¢m [by (8)]
& [-oll gm Oor [-of ¢ m [by (7)]
> |loll €m or 7] € m. [by (8)]
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Note that (9) means m is a prime ideal. In general, a proper ideal I of
aring R is a prime ideal if

zyel < xe€l OR yel.

The improper ideal is not counted as prime, just as 1 is not counted as
a prime number. In Z, the prime ideals are (p) and (0); the ideals (p)
are also maximal ideals, but (0) is not, since

(0)c(p)cZ

In every ring, all maximal ideals are prime. Indeed, if I is a maxi-
mal ideal of R, then R/I is a field, hence an integral domain: this
means

zy=0 = 2=0 OrR y =0,

which in the present context means
zy+I =1 = xz+1=1o0rR y+1=1,

thatis, zy € I = x € I OR y € I. The following then is a corollary
of the Maximal Ideal Theorem:

Theorem 12 (Prime Ideal Theorem). Every proper ideal of a ring is
included in a prime ideal of the ring.

A reason for stating this result separately is that it is strictly weaker
than the Maximal Ideal Theorem: see page 50. However, the two
theorems are equivalent for Boolean rings, where all prime ideals are
maximal (EXERCISE).

The following is a special case of £0$’s Theorem:

Theorem 13. If % is an indexed family (K;: i € Q) of fields, and M
is a mazimal ideal of [[ A, then for all sentences o with parameters
from [ A,

[[#/MEo = |o| ¢ m. (14)
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Proof. We know this is true when ¢ is atomic. Suppose it is true when
o is p or 7. Then

[[#/ME—p = [[#/MEp
< |pll €m
= [l & m,
and similarly
[[#/MEpnr = [[#/MEp & [[#/MET

= [pllgm & [I7]| ¢ m
— |pAT| ¢m.

Finally, suppose for some formula ¢(z), for all a in []#, (14) holds
when o is ¢(a). Let a be (a;: i € Q) in [[ % such that, for all ¢ in Q,
if K; E 3z ¢(x), then K; E a;. Then

13z (z)]| = {i € Q: Ki F 3z o(x)}
={ieQ: K; Ep(a;)}
={ieQ: K;Fpla)}
= lle(a)]].
Moreover, for all b in [[ .7,
le@)II < lle(a)ll-
Hence
H,%//M F 3z p(x) < for some b in H%, H%/M E o(b)
<= for some b in H%, llo(d)|| ¢ m

= le(@)] ¢ m
= [Pz p(@)] ¢ m. O
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In the proof, we use the Axiom of Choice to find a; see the final lecture
(page 60). The whole proof uses pure logic: nothing of ring theory
(except for the algebra of Z2(Q)). The fields K; could be replaced by
groups, linear orders, ordered fields, or something else. Then we get
t.0s’s Theorem, namely Theorem 1.6.

In case each K; is R, and the parameters of ¢ are from R only, not R,
we get ||o|| € {@,Q}, so

RY/MEo < REo.

We used this to prove Theorem 3 (page 14).

1.6 Sunday

We have proved:

Y.os’s Theorem. For every indexed family (A;: i € Q) of structures
having a common signature ., for every mazimal ideal m of P2(2),
there is a structure B of ¥ such that, for all sentences o of 7, if

lell ={i € Q: AE o},

then
BEo < |o] ¢ m.

(This much is the Compactness Theorem; again, see the final lec-
ture, page 60.) The universe of B can be taken as HZ.GQ A;/~, where

a~b <<= {i€Q:a;#b}em.

Here a structure 2 is a set A, called the universe of 2(, together
with some operations and relations on A, that is, functions from A™
to A and subsets of A™ for various n in w. The signature of the
structure consists of a symbol for each of the operations and relations.
For example,
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e & =(G,0,—,+), an abelian group;
LIRUES (R,O, ]-7 -+, X)’ a ring;
o £=(L,<), alinear order.

Note that A° = {@} = {0} = 1. Hence a nullary operation on A, that
is, a function from A° to A, is determined by an element of a. In L.og’s

Theorem, let
A=T] A
1€Q
Then each 2; can be considered as a structure of .7(A), the elements
of A being treated as constants, a being interpreted in 2; as a;.
We are interested in t.0§8’s Theorem when

e ()is w,

e m is a nonprincipal maximal ideal of £ (w), that is, £, (w) C m,
and

e cach 2; is R with its full structure, that is, there is a symbol for
every operation and relation on R.

Let
R=R*/M,

where M = {z € R®: supp(z) € m}. We treat the embedding z —
(z,z,2,...) + M of R in *R as an inclusion. If f: R — R, then, as
a symbol, f is interpreted in *R as a function *f from *R to *R given
by

“Fla+ M) = (f(ar): k € w) + M,

as in Figure 2. Then *f can be called the extension of f. One must
show that *f is well defined (or take this as a consequence of Lo§’s
Theorem). Likewise,

*‘N={z+M:ze NV}
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a+ M = (CLQ, ai, as, )—|—M
!
fla+M) = (flao), flar), flaz), ...)+M

Figure 2. Extension of a function

Theorem 14. N consists of the finite elements of *N.

Proof. By definition, the elements of N are finite. Suppose n is a finite
element of *N. Then the set {z € N: n < x + 1} is nonempty, so it has
a least element, m. Then

m<n<m+1,
unless n < 1; but this cannot happen since
REVz (zeN = 1< x),

S0
"REVz (x € "N = 1< z).

Likewise, since

REVz(zeN & m<z<m+1 = m=ux),
we have also

REVz(ze™N & m<r<m+1 = m=u),

and therefore m =n, son € N. O

See Figure 3. In proving the theorem, we use that N is well ordered,
that is, every nonempty subset has a least element. Is *N well ordered?
No: *N ~\ N has no least element, since if n is infinite, so is n — 1.
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-———— 00—

1 2 3 (1,2,3,...)+ M

Figure 3. Non-standard natural numbers

By Lo$’s Theorem, we have (and have used)
R < "R; (15)

this means all first-order sentences that are true in R are true in *R.
first-order sentences are the kinds of sentences defined on page 26. In
a first-order sentence, variables refer to individuals, not subsets.

If a: N — R, that is, a € RV, or

a=(ag: k €N),
then we obtain *a from *N to *R, that is,

o = (ar: k € *N).

This is the extension of a, as *f is the extension of f, and *N of N. If
k= (k(i): i€ w)+ M, then

ap = (Cl,k(i)l 1€ (l)) + M.
The sequence a is bounded if
dRVn (n e N = |ay| < R); (16)

this applies to *a if we replace N with *N. Then what condition on *a
is equivalent to boundedness of a?

Theorem 15. A sequence a in RY is bounded if and only if every
element of *a is finite.
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Proof. If a is bounded, then for some S in R,

REVn (neN = Ja,| < 9),
REVR (ne€*N = la,| <95),

so *a has no infinite elements (since S is finite).

If a is not bounded, then

REVSIn(neN & |a,| > 5),
REVS3In(ne™N & |a,| > 9).

Letting S be positive and infinite, we obtain that a,, is infinite for some
n in *N. O

Note how we had to manipulate the quantifiers. The standard defi-
nition of boundedness of a sequence is first order; it is the condition
in (16). The theorem shows that this condition is equivalent to a
non-standard definition that, as such, is not expressed in a first-order
way.

The same is true of Theorem 3 (page 14). By analogy with limits of
functions, we have the following; the proof is an EXERCISE.

Theorem 16. lim, .., a, = L if and only if, for all infinite n, a,, >~ L.

A filter of a Boolean ring £(Q) is “dual” to an ideal of the ring. By
“dualizing” the conditions in Theorem 6 (page 19), we say that a subset
F of Z(Q) is a filter of Z(Q), or a filter on Q, if

X, YeF = XNYe€F,
XeF & XCYCQ = Y €F,
QeF.
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Then {2\ X: X € F'} is an ideal, namely the dual ideal of the filter.
A maximal proper filter is called an ultrafilter; its dual ideal is also
its complement and is a maximal ideal.

In Log’s Theorem, if Z = () \ m, then the structure B is denoted

by
H%/%
i€

(or [, Qi or some such) and is called the ultraproduct of the struc-
tures 2;.

2 Second week

2.1 Monday

Recall that infinite means greater than all n in N, where
N={1,2,3,... };

infinitesimal means less in absolute value than 1/n for all n in N;
a, ~ L means a, — L is infinitesimal. % is an ultrafilter on w
(which is {0,1,2,...}); this means % C &(w) and, for all X and Y
in Z(w),

XYeU — XNY e,
XeWU < w~X¢%.

Indeed, these conditions imply

Xe & XCYCw = Ye%,
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since if X C Y, then X NY = X. We define an equivalence relation
on R® so that, if a/% is the equivalence class of an element a, that is,
(ak: k € w), of R, then

a/U =b]U —= {kew:a,=b}e¥.

The elements of % are large. Similarly we obtain *N. If a € RY, we
obtain *a, namely (a,: n € *N), where

o = Qn, if n €N,
" (an ke w)/%, iftn=(ng:kew)/%.

If n € N, we identify n with (n,n,n,...)/%; thus, in the definition of
an for n in *N, it suffices to give only the second case.

Theorem 16 is that lim, .., a, = L if and only if, for all infinite n,
an =~ L. Suppose we try to prove the foreward direction as follows.
Assuming lim,, o, a, = L, we have that for some positive ¢ in R,
REIMVn(neN & n>2M = l|a, — L| <e¢),
REIMVn(ne*N & n>2M = |a, — L| <e).
This is true, but is not what we want. Rather, we want to observe
that, for some positive ¢ in R, for some M in R,
REVWm(neN & n>2M = |a, — L| <e¢),
REVR(ne*N & n>M = |a, — L| <e).
Thus, if n is infinite, then |a,, — L| < . This being true for all positive
real €, a,, >~ L.

Suppose conversely lim,,_,~, a, # L. Then for some positive € in R,

REVM3In(neN & n>M & |a, — L| > ¢),
REVM In(ne*N & n>M & |a, — L| > ¢).
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Letting M be positive and infinite, we find infinite n so that |a,—L| > ¢
and therefore a,, % L.

If you grew up using d-¢ proofs, but now want to do infinitesimal cal-
culus, then you have to prove things like the foregoing. Alternatively,
you can just define lim,, ,~ a, = L to mean a,, ~ L for all infinite n.
Then other proofs become easier.

Lemma 1. Suppose a in RY is convergent. Then every term of *a is
finite.

Theorem 17. Suppose a,b € RY and lim(a) = L, lim(b) = M, and
r € R. Then

lim(a+b) = L+ M,

lim(ra) = rL,
lim(ab) = LM,
and if L # 0, then
lima™! = L7 (17)

Proof. Follow the method of the non-standard proofs of Theorems 1
and 2, using that the infinitesimals of *R compose an ideal of the
ring of finite elements. For (17), we need the foregoing lemma—an
EXERCISE—that a,, is finite for all n. If L # 0, possibly some a,, are 0,
but we prove that a,, # 0 if n is infinite. O

Theorem 18. A sequence a is convergent if and only if, for all infinite
m oand n, Apy 2 Ay .

The proof, an EXERCISE, will want standard parts. If a is a finite
element of *R; its standard part is an element st(a) of R such that
st(a) ~ a. We achieve this by defining

st(a) =sup{z € R: z < a}.



38 Non-standard analysis

(compare (4) on page 12). To prove that this works, consider the
alternative whereby 0 < ¢ < |a — st(a)| for some § in R.

We showed yesterday that, since *N is not well ordered, the property
of being well ordered is not first order. Similarly being complete is not
first order, since the set of finite elements of *R has no supremum.

However, in the two-sorted structure N U &?(N), the first-order sen-
tence

VY (1€Y & Vo (z€Y = z+1€Y) = VzzeY),

so it is true in *(NU £ (N)), which can be understood as *N U *Z(N),
where *Z(N) consists of the subsets

{x/%: x € H Yk}
kew

of *N, where (Yj: k € w) € Z(N)®. Thus *#Z(N) C Z(*N), but the

inclusion is proper, since for example

N e 2(*N) ~ *2(N).

2.2 Tuesday

If a ~ b, and b is finite, why must a be finite? If a ~ b, and b is finite,
then

la] = [b < la 0] <1,

<
la] < 1+ 0,

so a is finite.

Since all terms of convergent sequences are finite, convergent sequences
are bounded.
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What is the standard proof of this? If lim(a) = L, then for some
N, if n > N, then |a, — L| < 1, so |a,| < |L| + 1. Now let M =
min{|ai|,...,|an|,|L] +1}. Then |a,| < M for all n in N.

An arbitrary subset A of R is bounded if

Jxvy(ye A = |yl <a).
Theorem 19. A subset A of R is bounded if and only if every element
of *A is finite.

A limit point of a subset E of R is an element p of R such that, for
all positive ¢,

(p—ep+e)N(E~{p}) #9,
that is,

Jr(zeFE & 0<|z—p|<e). (18)

What is the non-standard formulation of this definition?

Theorem 20. p is a limit point of E if and only if, for some q in *E,
g=p & q#p. (19)

Proof. For the forward direction, let ¢ be x in (18) when ¢ is a positive

infinitesimal. More precisely, we have

REVe(e>0 = Jq(¢ge E & 0<|g—p| <e)),
REVeE(e>0 = Fq(ge™F & 0< |g—p| <e)),
so if we let € be a positive infinitesimal, we have ¢ as desired.

Conversely, suppose (19) holds. Then for all positive € in R, (18) holds
in *R, so it holds in R: that is, we have 0 < |¢ — p| < €, and so,

REJz (x € *F & 0< |z —p| <e),
REIz(zeFE & 0<|z—p|<e).

This being true for all positive € in R, p is a limit point of E. O
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An alternative proof of the reverse direction uses the construction of
*R as follows. We can write out ¢q as (qx: k € w)/%, while p is just
(p,p,p,...)/?% . Then for all n in N, since |¢ — p| < 1/n, we have

{kew:|gp—pl<1/n}eu.

Also, since q # p,
{kew:q.#pte.

Since 7 is closed under N, we conclude

{kew:|g—pl<l/n & g #pt€%.
Finally, since g € *F, we have
{kew:qgeE}e¥%.
Indeed, we can consider *E as E%® /% , but more precisely
*E={zx/% € "R: x € E®};

this allows for the possibility that /% = y/% , but y ¢ E®. Summing
up,
{kew:|gp—pl<l/n & g #p & qo € E} € U.

Thus for all n in N, there is ¢ in E such that ¢ # p, but |¢ — p| < 1/n.
Therefore p is a limit point of E.

In this alternative argument, it does not follow that lim, . g, = p.
For example, possibly {odds} € %, and gar = 2k, so (g,: n € w)
diverges. But there is still a subsequence that converges to p.

The definitions of bounded sets and limit points, as well as the following
theorem, can be adapted to apply to R™ for any n in N. We stick with
R for simplicity.

Theorem 21 (Bolzano-Weierstrass). A bounded infinite subset of R
has a limit point.
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The standard proof is to “divide and conquer”™ If the infinite subset E
of R is bounded, it is included in a closed bounded interval. If we divide
the interval in half, then at least one of the halves contains infinitely
many points of E. Then we divide that interval in two, and continue.
The sequence of left endpoints of the intervals that we find has a limit,
which is a limit point of E.

Non-standard proof. Since E is infinite, there is a nonrepeating se-
quence (a,:n € w) such that each term is in E. Let n be infinite.
Since a,, is finite, it has a standard part b. Since a,, ~ b, if a,, # b we
are done. Suppose a,, = b. Then for some finite k, ar = b, so ax = a,.
Thus (ay: n € w) repeats. O

A neater non-standard proof uses the following.

Theorem 22. A subset E of R is finite if and only if *E = E.

The proof is an EXERCISE; or see page 45. Meanwhile, if F is infinite
and bounded, we can find a in *E \ E and then let b = st(a); then b is
a limit point of F.

2.3 Wednesday

Recall that p is a limit point of A if there is ¢ in *A such that ¢ # p,
but ¢ ~ p. (This makes sense in R" for all n in N, not just in R; but
again, we shall officially stay with R.) A set is closed if it contains
all of its limit points. The complement of a closed set is open. Then
a subset U of R is open if and only if, for all p in U, if ¢ € *R and
p ~ q, then g € *U. Thus uses that *R is the disjoint union of *U and
*RNU):
RNT(RNU)="U.
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Ifp eR, let
w(p) = {g € "R: ¢ = p},

the monad of p. This is Robinson’s term [3, pp. 57, 90|, but whether
Robinson is alluding to Leibniz’s philosophical use of the term is not
clear. In passing from R to *R, each point is replaced by a “cloud”™—its
monad, monads of distinct points being disjoint.

In any case, we now have that U is open if and only if, for all p in U,

nip) € U.

Theorem 23. The open subsets of R are just the unions of sets of
open intervals.

Proof. Suppose U is open. Then for every p in U, u(p) C U, and so
(p — d,p + ¢) for infinitesimal positive §. Thus

REJx (p—z,p+2) CU,

so for some positive d, in R, (p — ,,p + ) C U. Thus

U= U{(p_(spvp“‘ép): pE U}-

The converse is easy. O

Porism 1. The intersection of every set of closed sets is a closed set.
FEvery closed interval is a closed set.

Not every closed set is a union of closed intervals. Examples are sin-
gleton sets and {1/n: n € N} U {0}. An uncountable example is the
Cantor set, which results from starting with the closed interval [0, 1],
removing the open interval (1/3,2/3), then removing the middle thirds
of the remaining intervals, and so on.
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Theorem 24. A subset A of R is closed and bounded if and only if
for all q in *A there is p in A such that p ~ q.

Proof. Suppose A is closed and bounded, and ¢ € *A. Since A is
bounded, g is finite, by Theorem 19. Now let p be the standard part of
q. Either p = ¢, or p is a limit point of A. In either case, p € A, since
this is closed.

Suppose conversely for all g in *A there is p in A such that p ~ ¢. Since
p is finite, ¢ must be finite. Thus A is bounded. Suppose p is a limit
point of A. For some ¢ in *A, p ~ ¢, but p # ¢. But for some p’ in A,
p' ~ q. Therefore p ~ p’, so p=1p’, and p € A. O

We are going to talk about compactness, both in the present context
and in logic. The Compactness Theorem of first-order logic is that
if I is set of first-order sentences, and every finite subset of I' has a
model, then T has a model. (See page 59).

A collection € of open subsets of R is a cover (or open cover) of A
if
AclJe.

Then A is compact if for all open covers & of A, there is a finite subset
of O that covers A.

Theorem 25 (Heine—Borel). A subset A of R (or R™) is compact if
and only if closed and bounded (that is, for all q in *A there is p in A
such that q € u(p)).

Proof. (=) (Standard) A C |J{(—n,n): n € N}. If p ¢ A, then

AC| RN [p—d,p+6]: 6> 0}
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(=) (Non-standard) Suppose for some ¢ in *A, for all p in A, ¢ ¢ u(p).
But (EXERCISE)

u(p) = m{*U: U open and p € U}.

So for some open set U, containing p, ¢ ¢ *U,. Then {U,: p € A} cov-
ers A, but {*U,: p € A} does not cover *A. However, if {p(0),...,p(n)}
is a finite subset of A, then

"Upoy U+ U Up(m)) = "Up(o) U+ - U Upmy,
80 Up(o) U -+ U Up(n) cannot include A. That is, if
REVx (CL’EA#Z‘EUp(o)\/-“\/xEUp(n)),

then
R E Ve (1’6*A:>IL’E*Up(o)\/"'\/ﬁce*Up(n))a

which cannot be.

(<) (Non-standard) Suppose ¢ is an open cover of A with no finite
subcover. We may assume & is countable by the Lindel6f Covering
Theorem: For every p in A, there is U in & such that p € U; but
then for some a, and b, in Q,

p € (ap,by) & (ap,b,) CU.

Thus we can replace ¢ with {(a,,b,): p € A}, which is countable. If
this has a finite subcover of A, so does 0.

Say then ¢ = {Uy: k € w}. Let
quA\ UUiiA\(U()U"'UUk_l),

i<k
qg=(qrn: ke w)/%.
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If p € A, then p € Uy for some k; but then
{{ew: qeU} C{0,1,...,k}
since
k<l = q¢UgU---UU,U---UUp_;.

Since finite sets are small, ¢ ¢ Uy, so ¢ ¢ w(p). O

In the non-standard proof of the sufficiency of the “q € p(p)” condition,
we have used more than the Transfer Principle, which is what we
have written as R < *R in (15) on page 33. Likewise we need more
than the Transfer Principle for:

Proof of Theorem 22. Suppose E = {ay,...,a,}, but g is an element
(q1,92,...)/% of *ENE. If

Aj={kcw: q = a},
then A; is small; but
w=AU---UA,,
which is therefore small, which is absurd.

Conversely (or inversely), suppose {g,: n € w} C A, all ¢, different
from one another. Let ¢ = (g,: n € w)/%. If a € A, then ¢ # a, since
the set

{new: ¢, =a}

has at most one element. O
Alternatively, for the first part, by the Transfer Principle we have

REVz (€A = z=a1V---V&=ay,),
REVz (€A = z=a1 V- - VI =ay).
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For an example of the logical Compactness Theorem, given a structure
A, let
Th(A) = {o: AFE o}, (20)

the theory of 2. Here o is a first-order sentence. Let
on:EIa:O,...xn_l /\ $Z§AJUJ
1<j<n

By Compactness, ({{Th(F,): p prime} U {0, : n € N} has a model. In
fact Hp prime Fp /% is a model, % being a nonprincipal ultrafilter on
{primes}.

. —_——N—
By contrast, {Peano axioms}U{c # 1+ ---+ 1: n € N} has no model;
so the Peano axioms for N have no first-order formulation.

2.4 Friday
Again, the open subsets of R are just the unions of sets of open inter-
vals. Let & be the set of open subsets of R. Then

1. £ C0 = U2 €0.

2. In particular, @ € & (since |2 = 2).

3. f X,Y € 0, then X NY € O, since

UznUz=Uznw:ze2 & Wew}.

4. Re 0.

If A is an arbitrary set, and € is a subset of Z(A) with the four
properties above (with A € & as the fourth property), then & is the set
of open subsets of A in a topology on A, and (A, &) is a topological
space.
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We are going to be interested in the case where A is the set of prime
ideals of some ring R; this set is called

Spec(R),
the spectrum of R. Recall then that P € Spec(R) if and only if

reP & ye P = x+ye€P,
re€P ORyeP < zyec P,
0eP & 1¢ P

For example:

e Writing (n) = nZ = {nz: x € Z}, we have
Spec(Z) = {(p): p prime} U {(0)}.

e If K is an algebraically closed field like C, then
Spec(K[X]) = {(X —a): a € K} U{(0)},
while Spec(K[X,Y]) consists of the ideals

— (X —a,Y —b), where a,b € K;

— (f), where f is an irreducible element of K[X,Y];
= (0).

If Ris aring, and a € R, let
[a] = {P € Spec(R): a ¢ P}.

If also b € R, then
[a] N [b] = [ab].

Therefore unions of sets of sets [a] are the open sets in a topology on
Spec(R). The sets [a] themselves are like open intervals.
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As with closed bounded subsets of R, a topological space (A4, 0) is
compact if for all subsets 2 of &, if | J 2 = A, then for some finite
subset 2y of 27,

U%:A.

The open subsets of Spec(Z) are just the complements of finite sets
of ideals (p). In particular, (0) belongs to every nonempty open set.
Then easily Spec(Z) is compact.

Theorem 26. For all rings R, Spec(R) is compact.
Standard proof. Suppose A C R and |J{[z]: x € A} = Spec(R). Then

ﬂ{[x]cz x €A} =0
but in general
({[z]°: 2 € A} = {P € Spec(R): AC P}.

By the Prime Ideal Theorem (page 28), A is included in no proper
ideal. In general, the smallest ideal including A is

{apzo+ -+ an—1Zpn-1:n€w & a€ A" & x € R"};

this is denoted by
(4).

In the present case, 1 € (A), so
1= apgTo + ... 0p—1Tpn—1
for some a; in A. Then

[ao]c n---N [an,l]c =,
[ag] U -+ U [an—1] = Spec(R). O
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For a non-standard proof, if (A, ) is a topological space, and 2 is
some infinite set, and % is a nonprincipal ultrafilter on €2, we define

A= A% Y
as before. If P € A, we now define
wP)=({Ueo:PecU}.

Then the non-standard proof of the Heine—Borel Theorem (page 43)
gives us:

Theorem 27. A topological space A is compact if and only if, for all
choices of Q0 and % , for all Q in *A there is P in A such that

Q € u(P).

We must adjust the proof of sufficiency given for the Heine—Borel The-
orem, since now we cannot assume ¢ countable. We let € be the set of
finite subsets of &', and we let % be an ultrafilter on 2 that contains,
for each F in O, the set

{XeQ: FeX}.

(Such sets do generate a proper filter on §2, since & is closed under
taking intersections.) If X € , we can let

qXEA\UX

The resulting point (¢x: X € Q)/% of *A is not in p(p). Now we can
proceed with:

Non-standard proof of Theorem 26. Given @ in *Spec(R), we are going
to find P in Spec(R) such that

Q € u(P).
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Here

w(P) = ({*lz]: P € 2]} =({*[z]: a ¢ P},
and for some (Q;: i € Q) in (Spec(R))*,
Q=(Qi:icQ)/%,
Qe*r] <= {ieVxdQ;te¥.

Now define
P={zeR: {icVzecQ}ec¥}
Then P € Spec(R) and @ € w(P). Indeed, if z,y € P, then
{ieQze@;},{ieQye;}e,
{ieQua,ye@} e,
{ieQa+tyeQitew

(using that % is closed under intersections and taking supersets), so
x4y € P. Likewise

re€P ORyeP < zycP.

Finally, 0 e P & 1 ¢ P. O

The non-standard proof seems to work by magic. One need not rec-
ognize that if 1 € (A), then 1 € (Ap) for some finite subset Ay of
A.

In the remainder of the course, we want to establish the following:

e The Prime Ideal Theorem (page 28) is equivalent to the Com-
pactness Theorem of first-order logic (pages 30, 43, and 59).

e The Maximal Ideal Theorem (page 22) is equivalent to:

— the Prime Ideal Theorem with Lo§’s Theorem (page 30);
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— the Axiom of Choice;
— Zorn’s Lemma (page 22).

In the background is Zermelo—Fraenkel set theory.

Theorem 28. The Compactness Theorem implies the Prime Ideal
Theorem.

Proof. Supposing R is a ring, let diag(R) be the set of quantifier-free
sentences in {0,1, —,+, x}, with parameters from R, that are true in
R. Let P be a new singulary relation symbol, and let

I' = diag(R) U{Pa A Pb= P(a+b): a,b € R}
U{PaV Pb< P(ab): a,b € R} U{P0,—P1}.
Then I" has a model, because every finite subset I'y of I' has a model.

Indeed, I'y involves only finitely many parameters, so they generate a
countable sub-ring Ry of R.

The Prime Ideal Theorem holds for nontrivial countable rings. For,
say Ro = {bn: n € w}. Let By = & and

s [Ba if (B,, U (bn)) = Ro,
"B, U {bn}, otherwise.

Then (J, ., Bn is a maximal ideal of Ry, hence a prime ideal of Rj.

Now the symbol P can be interpreted as this prime ideal of Ry, so that
Ry is a model of I'y.

By Compactness, I has a model (5,Q). We may assume R C S, and
then RN Q is a prime ideal of R.

So far, we have shown only that R has a prime ideal. In particular, if
I is a proper ideal of R, then R/I has a prime ideal; but this will be
of the form P/I for some prime ideal P of R that includes I. O
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If one knows any Galois Theory, then what we are doing can be seen
in this context. A relation from a set (or class) A to a set B is a
subset of A x B. Suppose G is such a relation. If Y C B, then the

set
ﬂ{zeA:xGy}

yey

is a closed subset of A with respect to G. The closed subsets of B are
defined similarly. It is not too hard to establish that there is a one-
to-one, inclusion-reversing correspondence between the closed subsets
of A and the closed subsets of B. It may be more difficult to give an
interesting characterization of the closed subsets. In some cases, the
closed subsets of A are closed with respect to a topology on A; but this
is not always true.

In the original case, B is a field K, and A is its group Aut(K) of
automorphisms, and

G={(o,z) € Aut(K) x K: 27 = x}.
We are interested in three other cases:
e Bisaring R, and A is its spectrum Spec(R), and
G = {(p,x) € Spec(R) x R: = ¢ p}.

e B is a Boolean algebra (defined below), A is the set S(B) of its
ultrafilters, and

G={(%,r)eS(B)xB:xe€¥}.

e For some logical signature ., B is the set Sn(.%) of sentences
of ., and A is the class Mod(.) of structures having signature
%, and G is the relation of truth:

G={(,0) € Mod(.*) x Sn(¥): AF o}

(See tomorrow’s lecture.)
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For any set (2, the structure
(2(Q),2,0,A,nN}

is a Boolean ring; but the structure
(2(Q),2,0,°U,N}

is a Boolean algebra. If (R,0,1,+, x) is an arbitrary Boolean ring,
then (R,0,1,—,V,A) is a Boolean algebra, where

r=1+ux,
rVy=x+y-+ay,
TNY =Y,

and also

r+y=(xA-y)V(@YyA-a),zy=xAy.
We are going to prove (on page 57):
Theorem 29 (Stone Representation Theorem). Every Boolean algebra
A embeds in an algebra P (). Here Q can be taken as the set S(A) of
ultrafilters of 2.

This is analogous to the simpler:

Theorem 30 (Cayley’s Theorem). Every group G embeds in a sym-
metry group
(Sym(Q)v idg, _17 O)a

where Sym(Q) is the set of bijections from Q to Q. Here Q can be taken
as G itself, and the embedding of G in Sym(G) is

g = Ag,

where Ag(x) = gx.
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The original groups are a symmetry groups. Such groups are seen to
satisfy certain axioms, and it turns out, as in Cayley’s Theorem, that
all structures that satisfy these axioms are isomorphic to symmetry
groups. The same will be seen to be true for Boolean algebras.

2.5 Saturday

Given a first-order signature ., we let

Mod () = {structures of .¥},
Sn(”) = {sentences of .7}.

The relation F of truth is from Mod(.#) to Su(.*). If 0,7 € Sn(.¥),
and for all 2 in Mod(.¥),

AEFo <— AFET,
then we say o and 7 are logically equivalent, and we write
o~ T

Theorem 31. Su(.¥)/~ is a Boolean algebra.

The Boolean algebra of the theorem is called a Lindenbaum algebra
after a student of Tarski murdered by the Nazis; it can be denoted by

Llno(y)

The subscript 0 indicates that there are no free variables in the formulas
whose logical equivalence classes compose the algebra. (Later, on page
59, we shall have reason to consider the Lindenbaum algebra of formulas
in one free variable.)

If 2,8 € Mod(.¥), and for all o in Sn(.¥),

AFo <— BFo,
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then we say 2 and B are elementarily equivalent, and we write

A = B.

By defining
Th(A) ={o € Sn(.): AE o}

as in (20) on page 46, we have
A=B <= Th(A) = Th(B).
Theorem 32. For all 2 in Mod(), the quotient
Th(20)/~

is an ultrafilter of Ling ().

Strictly, Th(2()/~ here should be understood as
{o/~ € Ling(¥): AEo}.
If now 2l is an arbitrary Boolean algebra, we let
S(A) = {ultrafilters of 2A};

this will be the Stone space of 2. In case 2 = Ling (), the situation
is as in Figure 4. In general, if U € S(2(), this means

zelU & yelU <= xzAyelU,
—zeU < xz¢U.

Hence

zeU OrRyelU < xVyel,
1eU, 0¢U.



56 Non-standard analysis

Mod(.%) <~ Sn(.¥)
A—2A /= oo/~
Mod () /= <~ Ling(.¥)

A/=—Th(A)/~

S(Ling ()

Figure 4. Stone space of Lindenbaum algebra

Figure 5. Ordering of a Boolean algebra
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The Boolean algebra 2l is (partially) ordered by

Ty &< s ANy==x
<~ zVy=1y;

see Figure 5. If a € A, let
[a] ={U € S(A): a € U}.

Proof of the Stone Representation Theorem. In the Boolean algebra 2,
we now have

2] Nyl = [z Ayl
[-a] = [z]°,
[Z]U [yl = [z Vy],
[1=S®), [0]=2.

Thus the map z — [z] from A to Z(S()) is a homomorphism of
Boolean algebras. Moreover, it is an embedding, since if a # b, then
we may assume a A b # a, So

aN=-b=aN(1+b)=a+ (aAb)#0,
since a + a = 0. Therefore a A —b generates a proper filter, namely
{zV (an-b): € A},

which by the Prime Ideal Theorem (page 28) is included in an element
U of S(A). Then
U € [a] \ [0,

so [a] # [b]. O
Suppose (A, 0) is a topological space as on page 46. If B C €, and

every element of & is | J 2" for some subset 2" of £, then £ is a base
or basis of ¢. For example,
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(a,b): a,b € R} is a base for the topology of R.

{
{la]: @ € R} is a base for the topology of Spec(R) for any ring
R. Hence:

e {[a]: a € A} is a base for the topology of S(2) for any Boolean
algebra 2, since S(2A) = {P°: P € Spec(2)}. The subsets [a] of
S(2l) are both open and closed: they are clopen.

A topological space (A, &) with base % is compact if and only if, for
all subsets 2" of & such that |J 2 = A, there is a finite subset 2y
of 2 such that |J 2y = A. Taking the contrapositive and taking
complements, we have:

Theorem 33. A topological space (A, O) with base B is compact if
and only if, for all subsets X of B such that, for all finite subsets 2y
of Z,

(X X € 20} # @,
it follows that
(X Xe2}+#2.

The hypothesis of this condition is that {X°: X € 2} has the finite
intersection property or FIP.

For a Boolean algebra 2, the theorem is that S(2() is compact if and
only if, for all subsets X of A such that every finite subset of A is
included in an ultrafilter, X itself is included in an ultrafilter. This
condition is immediately satisfied.

Let C be the subspace
{Th(A)/~: A € Mod(.¥)}

of S(Ling(.#”)). Then C is compact if and only if, for every subset I'
of Sn(.), if every finite subset of I has a model, then T' itself has a
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model. Thus the compactness of C' is equivalent to the Compactness
Theorem (page 43).

The subspace C' is dense in S(Ling (%)), because if [0/~] # &, then

o drr#£,
so ¢ has a model 2, and then Th(A)/~ € [o/~].

Thus every element of S(Ling(-#)) \ C is a limit point of C. Therefore
C' is closed if and only if C' = S(Ling(.¥)). In particular, if C' is closed,
then it is compact. Conversely, since S(Ling(#)) is a Hausdorff space,
its every compact subset is closed.

We shall not pursue this further, but a topological space is a Hausdorff
space if for any two distinct points of the space, there are disjoint open
sets containing the points respectively. Easily a Stone space S(2l) is
Hausforff: if Uy and U; are distinct elements, then we may assume
there is a in Uy \ Uy, and so Uy € [a] and U; € [—a.

Now we prove the theorem stated originally on page 43; we implicitly
proved a version of it in proving L.o§’s Theorem (page 30).

Theorem 34 (Compactness). If T' is a subset of Sn(#) whose every
finite subset has a model, then T" itself has a model.

Proof. We can assume . has been expanded so that, for every singu-
lary formula ¢(x), there is a new constant symbol

Cop-
Now let

I'" =T U{3z p(x) = ¢(c,): ¢/~ € Liny (S)}.
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Then every finite subset of I'* has a model. By the Prime Ideal Theo-
rem (page 28), there is a subset T of Sn(.%’) such that T' C T and T/~
is an ultrafilter of Ling(.#). Then T has a model A such that

A=A{ce: o}/,

where
Co R Cy = (cp=cy) €T.

For example, if F' is a singulary operation symbol in .%, then
F¥(c,) =cy <= (Fep,=cy) €T.

There are many details to check, but this is the idea. O

We obtained *R as an ultrapower R® /%/; but Robinson [3, p. 55] can
be understood to obtain it by the Compactness Theorem as a model
of

Th(R) U{c>n:n € N}.

(Here the signature of R has everything we might want.) However,
Robinson [3, p. 13] proves the Compactness Theorem by means of
ultraproducts and Y.o§’s Theorem (page 30).

2.6 Sunday

We have shown the equivalence in Zermelo—Fraenkel set theory of:
e the Compactness Theorem (page 59),
e The Prime Ideal Theorem (page 28), and

Prime

e The Boolean { Masximal

} Ideal Theorem.

We are going to show the equivalence of:
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e The Prime Ideal Theorem, together with ¥.o§’s Theorem, and
e The Axiom of Choice.*

As we noted (page 30), Compactness can be understood as a weak form
of Lo§’s Theorem (with the Prime Ideal Theorem). Indeed, suppose
I' C Sn(¥), and every A in &, (I") has a model Ax. If o € T, let

o) ={A e Z,[I): 0 € A}.
Then for all A in £, (T),
A€ ﬂ [o]
ocA

Thus {[o]: o0 € T'} generates a proper filter on &, (I"). By the Prime
Ideal Theorem, this filter is included in an ultrafilter %. Let

A= J] Aa.
AeZ, ()

and if @ is an element (aa: A € P, (T)) of A, let a be interpreted in
A as an. For all o in .7 (A), let

lo|| = {A € Po(T): An E o).

Finally, let
T={oceSn(S(A4): |o]l € %}

Then I' C T, since if o € T, then [0] C ||o||, and [o] € %, so ||o|| € % .
Also, if {o}: k <n} C T, then

/\ o

k<n

= (Y lloxll,

k<n

*We could add to the list examples like the Tychonoff Theorem: the product of
compact spaces is compact. Restricted to Hausdorft spaces, the theorem is equiva-
lent to the Prime Ideal Theorem. See Rubin and Rubin [4] and their references.
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which is in %, so in particular it is nonempty, which means the set
{ok: k < n} has a model. By the Compactness Theorem, T has a
model €, and then T = Th(¢).

We may assume A/% C C. Then € has a substructure B whose
universe B is precisely A/%; for if F' is an n-ary operation symbol in
& for some n in N, then

FCa/%,...,a"  JUu) = (F**(dX,...,ax"): A e 2,(D) /%,
so B is closed under the operations of €. Thus
B CC

F.0o§’s Theorem is then
B <L,

that is, for all o in Sn(#(B)) or Sn(.#(4)),
BFEo < CEo.

To prove this, by the Tarski—Vaught Test, it is enough to show that,
for all formulas ¢(x) of .7(4), if

CE 3z (),

then for some b in B, € F ¢(b). So we show this. If Ax F Jz (),
then for some ba in Aa, AA F p(ba). Otherwise let ba be arbitrary.
Now let

b=(ba: A e P,D))/%.

So Lo§’s Theorem holds. Note however that we used the Axiom of
Choice to obtain b.

Conversely, the following is shown by Howard [2]:

Theorem 35. The Aziom of Choice follows from f.0§’s Theorem and
the Prime Ideal Theorem.
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Proof. Suppose & is a set of nonempty sets with no choice function,
that is, no function f from &« to |J& such that, for all X in <7,
f(X) e X. Let

Q:Udu%,

R:{(a:,Y)EUQ/xd:xEY}U{(y,y):yEUd}.
Then
(QR)EVydr x Ry.
Now, the subset
{Z C o&/: Z has no choice function}

of P(4/) is a proper ideal on &7, so by the Prime Ideal Theorem,
its complement includes an ultrafilter % on /. This embeds in an
ultrafilter Z* on Q. by ¥.os’s Theorem,

QR /% EVy3Izz Ry.

Replacing y with (i: 7 € Q)/%*, we get (a;: 1 € Q)/%* such that %
contains {i € Q: a; Ri}. Let
C={Xe€A: ax RX}
={X €A ax € X}
Then X — ax is a choice function on C. But C' € %, so by definition

of % , C cannot have a choice function. This contradiction implies that
</ must have had a choice function. O
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